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Stable Haptic Display of Slowly Updated Virtual
Environment With Multirate Wave Transform

Changhyun Cho, Jae-Bok Song, Member, IEEE, and Munsang Kim

Abstract—This paper proposes a control method that overcomes
the instability of a haptic interface arising from both the slow
update rates of the virtual environment (VE) and the time delay in
a communication line. The instability arising from the time delay
in a communication line can be overcome using the wave variables
since the time delay on the wave variables becomes passive. The so-
called multirate control scheme is applied to cope with the problems
presented by the slow update rates of the VE. Since digital sample
and hold (rate transitions) can be represented as a series of time
delay, the passive nature of time delay on the wave variables is
applied. By computing the norm of the scattering matrix, it was
verified that rate transitions on the wave variables become passive,
so a stable haptic interface was derived with the multirate wave
transform. Various experiments have shown that a stable force
display can be achieved with the multirate wave transform.

Index Terms—Haptics, multirate wave transform, rate transi-
tions, slow update rate, wave variables.

I. INTRODUCTION

IN SOME CASES, haptic interfaces become unstable due
to the presence of active elements such as time delay in

a communication line and sampling [1]. Oscillatory motion is
often observed with active elements.

Many studies have been conducted to cope with this unstable
behavior caused by active elements. The so-called virtual cou-
pling was implemented between the haptic device and the virtual
environment (VE) [2]–[4]. Damping elements are usually ap-
plied to virtual coupling to stabilize a haptic interface. Colgate
and Schenkel [2] derived the parameter (damping) range of vir-
tual coupling, which guarantees the stability of sampled-data
systems. Adams and Hannaford [3] suggested a design scheme
of virtual coupling, which uses the dynamic model of a haptic
device to derive optimal parameters of virtual coupling. Miller
et al. [4] also developed a design method for nonlinear environ-
ments in which several conditions for the damping parameter
were presented.

The aforementioned algorithms required a precise model or a
measured damping coefficient of a haptic device to determine the
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proper parameters for virtual coupling. Several research studies
have also been carried out without resort to any information of
a haptic device. Hannaford and Ryu [5] suggested an energy-
based scheme in which a passivity observer measured energy in
real time and a passivity controller adjusted a controllable dis-
sipation element. They assumed in their research that sampling
between the continuous and the discrete-time domain is con-
ducted fast enough so that the energy loss can be ignored at the
sample and hold. Stramigioli et al. [6] presented a discretization
technique of port-Hamiltonian systems. In addition, a control
method was developed that limits the maximum deviation of
energy during the sampling interval to achieve a stable haptic
display. These algorithms, however, require the determination
of an appropriate threshold, which is used to classify energy be-
havior as either stable or unstable behavior to activate a control
action. Also, they derived equivalence between the continuous
time and the discrete-time energy flow by defining derivatives.
As they mentioned, however, passivity cannot be guaranteed
during the intersample. That is, if a system has low VE update
rate, the system would diverge during the contact of a virtual
device with a stiff virtual wall, and a controller of the system
cannot recognize this energy loss, since this situation occurs
between the sample intervals.

The study of Anderson and Spong [7] revealed that the time
delay in a scattered network line becomes passive. Niemeyer and
Slotine also worked further on this subject [8], [9] by investigat-
ing the application and behavior of wave variables. Tanner and
Niemeyer [10] suggested a high-frequency acceleration feed-
back method using wave variables to provide users with more
realistic feeling while guaranteeing passivity. Secchi et al. [11]
presented a discretization technique of a scattered network and
showed that a packet loss in the scattered communication line
was passive, just like time delay. Although the instability aris-
ing from time delay can be overcome, significant position errors
between the master- and the slave-device usually occur. Hence,
much research is being conducted to overcome these position
errors [9], [12], [13].

Although the algorithms based on the scattering variables
have shown satisfactory performance, their approaches are fo-
cused on the limitation caused by time delay. A number of
physical models in VE are often updated slowly due to the
graphic update rate and the computation time of physical laws
(e.g., a spring or a damper). The haptic performance (e.g.,
Z-width [14]) is degraded by the slow updating of VE as well as
by the time delay in a communication line. Therefore, a haptic
controller with fast updating would be useful to obtain a bet-
ter intersample behavior of a slowly updated VE. That is, rate
transitions (i.e., downsampling and upsampling) are conducted
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with discrete variables such as force and velocity. The so-called
multirate control scheme has been applied to haptics [15]–[18].
Mahvash and Hayward proposed a multirate control method,
which provides stability as well as fidelity [17], [18]. In their
researches, simulation was performed at a low update rate, and
force was rendered at a high update rate. The local model was
implemented to render forces, and the passivity condition of the
local model was suggested and verified. The local model should
be carefully designed to achieve both passivity and fidelity. For
haptics applications, the local model can be constructed by var-
ious methods since properties of VE (e.g., stiffness) are exactly
known. For teleoperation, a multirate control scheme is also use-
ful when a slave arm is controlled at low update rates. However,
it is hard to estimate the properties of environments in contact
with a slave arm. Therefore, a general method is needed to over-
come the instability due to a low update rate, which occurs in
both haptics and teleoperation.

In this paper, the wave transform is applied with a multirate
control scheme to improve the stability of a haptic interface due
to the slow updating of VE. Since the time delay on the wave
variables is achieved passively [8], [9] and the rate transition can
be represented by a series of time delay, one can estimate that
rate transitions can be achieved passively. By conducting the rate
transitions on the wave variables, the so-called multirate wave
transform can be formulated. This research verified that the rate
transitions are active on the power variables such as force and
velocity, while those on the wave variables become passive as
in the case with the time delay. Also, the energy-storing mech-
anism of the rate transitions at the wave variables was shown.
Since this transform naturally generates the inertia effect, stable
force display can be achieved without any additional controller
(e.g., damping elements) necessary to stabilize the conventional
haptic system. That is, the force computed by VE at a low update
rate is interpolated during the sampling interval of VE, as in [17]
and [18]. Various experiments have shown that a stable force
display can be achieved with the multirate wave transform.

The remainder of this paper is organized as follows. Section II
deals with a conventional multirate haptic interface. Section III
introduces the wave variables. Section IV investigates the mul-
tirate wave transform. Section V presents a discussion of the
experimental results. In Section VI, conclusions are drawn and
future work is outlined.

II. CONVENTIONAL MULTIRATE HAPTIC INTERFACE

This section discusses the effects of rate transitions conducted
on the power variables. A multirate haptic interface with the low
VE update rate tends to become unstable without any haptic
controller. By computing the norm of the scattering matrix of
the rate transition on the power variables, this section shows
that the rate transition on the power variable is active, thus
generating energy. The remainder of this section presents the
detailed procedures for computing the norm of the scattering
matrix of the rate transition on the power variables.

To improve the intersample behavior of the overall haptic
interface with a slowly updated VE, multiple control rates are
sometimes applied to a haptic system. This type of system is

Fig. 1. Multirate haptic interface with fast haptic controller and slowly updated
VE.

called a multirate system. Suppose that the sampling period, T ,
of a haptic controller, Gc(z), is less than the update period, Tve ,
of VE, G(zve), where z = eT s and zve =eTv e s . Fig. 1 depicts
this network representation. As shown in the figure, fh and fve

represent the hand-force input by a human operator and the
desired force computed by VE, respectively. H(s) denotes the
transfer function of a haptic device, while k and kve represent
the corresponding time indexes. In this paper, we assume that
Tve = nT , while n is a positive integer. Let ẋ and ẋve be the
velocities of the haptic device and VE, respectively. In Fig. 1,
two rate transitions occur: downsampling and upsampling. That
is, the velocity of the haptic device ẋ(kT ) is downsampled to
ẋve(kveTve), while fve(kveTve) is upsampled to f (kT). This
paper considers a 1 DOF problem for simple analysis. For a
multi-DOF interface, the velocity and force projected onto the
desired force should be considered as in [19]. Also, we assume
that VE is linear.

Let us investigate the effects of the rate transitions. A multirate
form of ẋ(kT ) can be represented by

ẋ(kT ) = ẋ(kveTve + iT ) (1)

where i = 0, . . . , n − 1 and n = Tve/T is an integer. A sim-
plified notation, ẋ(kve , i), will be used for ẋ(kveTve + iT ).
The lifting technique [20]–[22] can be used to represent a
finite-dimensional sampled-data system as a time-invariant
infinite-dimensional discrete system. Using the lifting operator,
LT →Tv e

: lpT → lpTv e
, 1 ≤ p ≤ ∞, ẋ(kve , i) can be represented

only at the sampling period Tve . For simplicity, let LTv e
be

LT →Tv e
. The lifted form of ẋ(kve , i) is defined by

˜̇x(kve , 0) = LTv e
ẋ(kve , i), ẋ(kve , i) = L−1

Tv e

˜̇x(kve , 0) (2)

where ˜̇x(kve , 0) = [ ẋ(kve , 0)ẋ(kve , 1)ẋ(kve , n − 1) ]T ∈ Rn .
Since the value of ẋve(kveTve) is preserved during the sam-

pling interval of Tve and ẋve(kve , 0) = ẋ(kve , 0) at every sam-
pling instant of kve as shown in Fig. 2, ˜̇xve(kve , 0) is obtained
by

˜̇xve(kve , 0) = [ ẋve(kve , 0) ẋve(kve , 1) · · · ẋve(kve , n − 1)]T

= [ ẋve(kve , 0) ẋve(kve , 0) · · · ẋve(kve , 0)]T

= [ ẋ(kve , 0) ẋ(kve , 0) · · · ẋ(kve , 0)]T (3)

where ẋve(kve , i) = ẋ(kve , 0) with i = 0, . . . , (n − 1). Since
ẋ(kve , 0) = ẋ(kve , i)z−i at the instant of kveTve + iT , where
z = eT s , (3) can be rewritten with ˜̇x(kve , 0) and the series of
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Fig. 2. Down sampling. It is assume that Tv e /T = 5 for easy understanding.

time delay as follows:

˜̇xve(kve , 0) = [ ẋ(kve , 0) ẋ(kve , 0) · · · ẋ(kve , 0) ]T

= [ ẋ(kve , 0) z−1 ẋ(kve , 1) · · · z−(n−1) ẋ(kve , n − 1) ]T

(4a)

˜̇xve(kve , 0) = P˜̇x(kve , 0) (4b)

where

P =




1 0 · · · 0

0 z−1
...

...
. . . 0

0 · · · 0 z−n−1




=




1 0 · · · 0

0 z
−1/n
ve

...
...

. . . 0
0 · · · 0 z

−(n−1)/n
ve


 ∈ Rn×n

and zve = eTv e s = enT s = zn .

Since f(kve , i) is obtained from the interpolation (or up-
sampling) of fve(kve , 0), which has a constant value during
the sampling period of Tve , then f̃(kve , 0) = f̃ve(kve , 0). Let
the input vector be x = [ ˜̇x(kve , 0) f̃ve(kve , 0)]T ∈ R2n and
the output vector be y = [ f̃(kve , 0) −˜̇xve(kve , 0)]T ∈ R2n ,
so that xT y = ˜̇x(kve , 0)T f̃(kve , 0) − f̃ve(kve , 0)T ˜̇xve(kve , 0)
represents the power input of the rate transition. From (4b)
and f̃(kve , 0) = f̃ve(kve , 0), the input–output vector can be ob-
tained as follows:

H(zve)x =
[

0 In

−P(zve) 0

]
x = y (5)

where In is the n × n identity matrix.
To verify the passivity of rate transition, the scattering oper-

ator is employed [23], [24]. If the operator H maps the input
vector to the output vector, the scattering operator is defined by

S(zve) = [H(zve) − I2n ][I2n + H(zve)]−1 (6)

where [I2n + H(zve)] is invertible. With this definition, the sys-
tem is passive if and only if ‖S(zve)‖2 ≤ 1 for all t > 0. For an

Fig. 3. Norm of scattering matrix when T = 0.001 s.

linear time-invariant (LTI) system, the norm of S can be com-
puted by its frequency response function. Therefore, the LTI
system is passive if and only if

||S(zve)||2 = sup
ω

||S(ejωTv e )||2

= sup
ω

λmax(S∗(ejωTv e )S(ejωTv e )) ≤ 1 (7)

where λmax(.) represents the largest eigenvalue and S∗ denotes
the complex conjugate transpose of S.

Due to its huge size, the passivity of H(zve) may be difficult
to verity by using analytical approaches (for example, if n =
10, H(zve) has 20 × 20 elements). Numerical computation of
(7) for the scattering matrix of (5) was performed, and the re-
sults are shown in Fig. 3. It was found that ||S(ejωTv e )||2 ≥ 1
for all ω. Hence, the rate transitions on the power variables
such as velocity and force generate energy. As Tve increases,
||S(ejωTv e )||2 also assumes larger values. Therefore, any con-
troller (i.e., Gc(z) shown in Fig. 1) is required to stabilize the
system. Damping is usually applied to Gc(z) to stabilize the
haptic system. As Tve increases, more energy is generated, thus
requiring a larger damping. A human operator is then likely to
feel the damping effects in the free space in which no reaction
force is generated (i.e., fve = 0) by VE.

Notice that the sample and hold between the continuous and
the discrete-time domain also generate energy. As mentioned in
Section I, Stramigioli et al. [6] derived the equivalence between
the continuous and the discrete-time energy flow by defining
derivatives. Although passivity cannot be guaranteed during
the sampling interval, it can be assumed that the generation
of energy at the sample and hold is negligible, if sampling is
conducted very fast (i.e., T << Tve ).

III. WAVE VARIABLES

In this section, wave variables are briefly introduced. The
wave variables were introduced by Niemeyer and Slotine on
the basis of the scattering variables of the network theory and
passivity formalism [8], [9]. Fig. 4 illustrates the part of a haptic
interface in which the communication time delay exists at the
wave variables. The wave variable with the subscript l (or r)
denotes the wave variable of the haptic controller (or VE). The
wave variables for a haptic controller are related to the power
variables by

ul =
(bẋ + f)√

2b
vl =

(bẋ − f)√
2b

(8)
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Fig. 4. Scattered communication line.

where b is the wave impedance, which is an arbitrary positive
constant that determines the behavior of the communication
line. More details on the wave impedance can be referred to [9].
The wave variables for VE can be related to the power variables
by

ẋve =
(ur + vr )√

2b
fve =

b(ur − vr )√
2b

. (9)

Hence, the wave transforms (I) and (II) in Fig. 4 have an
inverse relationship with each other. The power input of each
wave transform can be derived as follows:

ẋ(t)f(t) =
1
2

{
ul(t)2 − vl(t)2} (10a)

1
2

{
ur (t)2 − vr (t)2} = ẋve(t)fve(t). (10b)

If no time delay exists in the communication channel, then
ul = ur and vl = vr , and thus, (10a) is equal to (10b). In this
case, the wave transform delivers energy without any loss.
Suppose that time delay exists as shown in Fig. 4. Then,
ur (t) = ul(t − Td) and vl(t) = vr (t − Td). With these defini-
tions and (10), the stored energy of the interface shown in Fig. 4
is computed by

E(t) =
∫ t

0
{ẋ(τ)f(τ) − ẋve(τ)fve(τ)}dτ + E(0) (11a)

E(t) =
1
2

∫ t

0

{
ul(τ)2 − vr (τ − Td)2

−ul(τ − Td)2 + vr (τ)2

}
dτ + E(0) (11b)

E(t) =
1
2

∫ t

t−Td

{ul(τ)2 + vr (τ)2}dτ + E(0) ≥ 0 (11c)

where Td is the time delay. Note that the system is passive when
E(t) ≥ 0 for all t. Suppose for simple analysis that the initial
energy E(0) = 0. Since (11) is always greater than zero, the
energy is stored by the time delay on the wave variables. Hence,
the delayed communication can be achieved passively, when
using wave variables, whereas those on the power variables
are active. It was reported that inertia effects occur due to the
distorted wave signal (i.e., delayed signal) during time delay [9].

For a discrete-time system, the effect of f (kT) on the en-
ergy is measured at the instant (k + 1)T , since f (kT) is com-
puted at kT and applied during kT ≤ t < (k + 1)T . To avoid
this mismatch in the time instants, the following notation is
used:

ẋ(kT ) =
x((k + 1)T ) − x(kT )

T
. (12)

Fig. 5. Multirate wave transform. Two rate transitions are located at the wave
variables.

Then, (10a) in a discrete form is obtained by

ẋ(kT )f(kT ) =
1
2
{ul(kT )2 − vl(kT )2}. (13)

Similarly, (10b) can be computed in a discrete form. For more
details on the discrete-time scattering, refer to [11].

IV. MULTIRATE WAVE TRANSFORM

In Section II, the effects of rate transitions (i.e., downsampling
and upsampling) on the power variables were investigated, and
it was demonstrated that the rate transitions generate energy.
Through the multirate modeling, downsampling was derived as
a series of time delays. Since the time delay in the wave variables
becomes passive, it can be expected that the rate transitions on
the wave variables will also be passive. In this section, the
passivity of the rate transition on the wave variables is verified,
and its energy-storing mechanism is discussed.

A. Passivity of Multirate Wave Transform

As shown in Fig. 5, the downsampler and upsampler are
located at the wave variables. The downsampling with the sam-
pling period Tve is performed on the wave variable u, while
the upsampling with the sampling period T is conducted on the
wave variable v. In this case, let n = Tve/T .

To verify the passivity, the input–output vector form will
be derived. From (8) and (9), the lifted forms are obtained as
follows:

√
2b˜̇x(kve , 0) = ũl(kve , 0) + ṽl(kve , 0) (14a)

b˜̇x(kve , 0) − f̃(kve , 0) =
√

2bṽl(kve , 0) (14b)

2√
2b

f̃ve(kve , 0) = ũr (kve , 0) − ṽr (kve , 0) (14c)

2√
2b

ũr (kve , 0) = ˜̇xve(kve , 0) +
1
b
f̃ve(kve , 0) (14d)

where

˜̇x(kve , 0) = [ẋ(kve , 0) ẋ(kve , 1) · · · ẋ(kve , n − 1)]T ∈ Rn

f̃(kve , 0) = [f(kve , 0) f(kve , 1) · · · f(kve , n − 1)]T ∈ Rn

ũl(kve , 0) = [ul(kve , 0) ul(kve , 1) · · · ul(kve , n−1)]T ∈ Rn

ṽl(kve , 0) = [vl(kve , 0) vl(kve , 1) · · · vl(kve , n−1)]T ∈ Rn

˜̇xve(kve , 0) = [ẋve(kve , 0) ẋve(kve , 0) · · · ẋve(kve , 0)]T ∈Rn

f̃ve(kve , 0) = [fve(kve , 0) fve(kve , 0) · · · fve(kve , 0)]T ∈ Rn
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ũr (kve , 0) = [ur (kve , 0) ur (kve , 0) · · · ur (kve , 0)]T ∈ Rn

and

ṽr (kve , 0) = [vr (kve , 0) vr (kve , 0) · · · vr (kve , 0)]T ∈ Rn.

Since vl(kve , i) is obtained from the interpolation (or up-
sampling) of vr (kve , 0), which has a constant value during the
sampling period Tve , ṽl(kve , 0) = ṽr (kve , 0). Adding (14a) to
(14c), the following relation is obtained:

√
2b˜̇x(kve , 0) +

2√
2b

f̃ve(kve , 0) = ũl(kve , 0) + ũr (kve , 0).

(15)
The lifted wave variable ũr (kve , 0) can be rewritten with

ũl(kve , 0) and a series of time delays, such as (4), as follows:

ũr (kve , 0) = Pũl(kve , 0) (16)

where P was given in (4). Substitution of (16) into (15) yields

√
2b˜̇x(kve , 0)+

2√
2b

f̃ve(kve , 0)= (In +P)ũl(kve , 0) (17a)

ũl(kve , 0) = (In + P)−1

{
√

2b˜̇x(kve , 0) +
2√
2b

f̃ve(kve , 0)

}
.

(17b)

With (16) and (17b), (14d) is rewritten by

P(In + P)−1
{√

2b˜̇x(kve , 0) +
2√
2b

f̃ve(kve , 0)
}

=

√
2b

2
˜̇xve(kve , 0) +

1√
2b

f̃ve(kve , 0). (18)

Eliminating ṽl(kve , 0)from (14a) and (14b) yields

b˜̇x(kve , 0) + f̃(kve , 0) =
√

2bũl(kve , 0). (19)

Substitution of (17b) into (19) yields

b˜̇x(kve , 0) + f̃(kve , 0)

= 2(In + P)−1{b˜̇x(kve , 0) + f̃ve(kve , 0)}. (20)

Equations (18) and (20) can be rewritten as

f̃(kve , 0) = b{2(In + P)−1 − In}˜̇x(kve , 0)

+ 2(In + P)−1 f̃ve(kve , 0) (21)

˜̇xve(kve , 0) = 2P(In + P)−1 ˜̇x(kve , 0)

+
1
b
{2P(In + P)−1 − In}f̃ve(kve , 0). (22)

With (21) and (22), the input–output vector form is obtained
by

H(zve)x = y (23)

where

H(zve) =


 b{2(In + P)−1 − In} 2(In + P)−1

−2P(In + P)−1 −1
b
{2P(In + P)−1 − In}




∈ R2n×2n

the input vector x = { ˜̇x(kve , 0), f̃ve(kve , 0)}T ∈ R2n , and
the output vector y = { f̃(kve , 0),−˜̇xve(kve , 0)}T ∈ R2n . To
verify H(zve), consider the case of no rate transitions. If
T = Tve (i.e., n = 1), P becomes In ∈ R1×1 = 1. In this situa-
tion, b{2(In + P)−1 − In} = 0, 2(In + P)−1 = 1, −2P(In +
P)−1 = −1, and −{2P(In + P)−1 − In}/b = 0. Thus, the
following equation is derived:[

0 1
−1 0

]
x = y. (24)

It is shown from (24) that the operator H(zve) ideally maps
the input vector onto the output vector if no rate transitions are
made.

To verify the passivity of the multirate wave transform, the
norm of the scattering matrix of H(zve) is computed. Let S(zve)
be the scattering matrix of H(zve). S∗(ejωTv e )S(ejωTv e ) is ob-
tained by

S∗(ejωTv e )S(ejωTv e ) = I2n . (25)

For the detailed procedure for computing S∗(ejωTv e )
S(ejωTv e ), refer to the Appendix. Since (25) has the eigenvalues
that are all equivalent to 1, S(zve) satisfies the condition that
supω λmax(S∗(ejωTv e )S(ejωTv e )) ≤ 1. It follows from these re-
sults that the rate transitions on the wave variables shown in
Fig. 4 are passive regardless of b, n, ω, and T .

B. Induced Inertia Effect

If VE is attached to the right side of the interface shown in
Fig. 5, the power input of the interface illustrated in Fig. 5 with
VE (i.e., one port network) can be derived by

Pin (kve , i) = ẋ(kve , i)f(kve , i). (26)

From (14b), f(kve , i) is computed by

f(kve , i) = bẋ(kve , i) −
√

2bvl(kve , i). (27)

It is noted that vl(kve , i) has a constant value during kveTve ≤
kveTve + iT < (kve + 1)Tve because vl(kve , i) is obtained by
the upsampling (interpolation) of vr (kve , 0), which has a con-
stant value during the sampling period, Tve , of VE. In addition,
f(kve , 0) = fve(kve , 0) at every sampling instant, kveTve . Con-
sider the time sequence of f(kve , i):

f(kve , 0) = bẋ(kve , 0) −
√

2bvl(kve , 0) = fve(kve , 0)

(28a)

f(kve , 1) = bẋ(kve , 1) −
√

2bvl(kve , 1)

= bẋ(kve , 1) −
√

2bvl(kve , 0)

= bẋ(kve , 1) −
√

2bvl(kve , 0)

+ bẋ(kve , 0) − bẋ(kve , 0)

= f(kve , 0) + b{ẋ(kve , 1) − ẋ(kve , 0)} (28b)
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...

f(kve , n − 1) = bẋ(kve , n − 1) −
√

2bvl(kve , n − 1)

= f(kve , 0) + b{ẋ(kve , n − 1) − ẋ(kve , 0)}.
(28c)

If T = Tve (i.e., no downsampling and upsampling, n = 1),
the scattered network delivers the energy without any loss.
In particular, (28b) and (28c) do not appear when T = Tve .
If n > 1, however, inertial force is induced by b{ẋ(kve , i) −
ẋ(kve , 0)}, for i = 1, . . . , n − 1, as shown in (28b) and (28c).
That is, the force computed by VE with low update rate is inter-
polated during sampling interval of VE, as in [17] and [18].

In (28), more energy is stored as b and n increase. The increase
in b and n are limited by the noise at the velocity and the
computational power of the processor. In addition, a human
operator can feel an inertial force in free space due to a large b.

The interface illustrated in Fig. 5 was simulated with a dis-
crete VE, and the results are shown in Fig. 6. In the simulation,
ẋ(kT ) was given as a sine wave, which had a magnitude of
1 m/s and a frequency of 4 Hz. The sampling periods T and
Tve were set to 0.001 s and 0.05 s, respectively. VE consisted of
a spring and damper in which the spring constant, Kve , and the
damping coefficient, Dve , were set to 103 N/m and 5 N·s/m,
respectively. The wave impedance b was set to 20 N·s/m. A
comparison between the output force f and the reaction force
fve showed that f was compensated by the induced inertial
force of the wave impedance b during the sampling period of
VE, Tve . The stored energy of VE was computed by the sum-
mation of ẋve(kveTve)fve(kveTve)Tve , and that of the device
was obtained by the summation of ẋ(kT )f(kT )T . The energy
of the haptic device remained in the positive region (i.e., passive
region), while that of VE belonged to the negative region.

Note that delayed feedbacks occur during the wave trans-
form shown in Fig. 4 (I) and (II). For example, ẋve(kveTve)
is computed by ur (kveTve) and fve((kve − 1)Tve) inevitably,
since fve(kveTve) is not available before obtaining ẋve(kveTve).
These unit feedback delays of the wave transform are achieved
passively [25]. Therefore, the force of the haptic device in Fig. 6
is slightly different from the force computed by (28C) due to
the unit feedback delays.

V. EXPERIMENTS AND DISCUSSION

This section presents the implementation of a haptic interface
with the multirate wave transforms and discusses the experi-
mental results. First, experiments showed that a haptic interface
with a slowly updated VE grew unstable. Then, the multirate
virtual coupling (damping) scheme was applied to the unstable
haptic interface. A stable haptic display was obtained with the
additional damping, but a large damping force was generated
in the free space where no reaction force was generated by VE
(i.e., fve = 0). Finally, the proposed multirate haptic interface
was implemented. It was shown that stable force display was
achieved and a relatively very small inertial force was generated
in the free space.

Fig. 6. Simulation results of the multirate wave transform with a discrete
spring damper.

Fig. 7. Experimental setup. (a) Experimental device. (b) Virtual environment.

A. Experimental Setup

A 1 DOF haptic device was developed for experiments, as
shown in Fig. 7(a). An aluminum-alloy handle was attached at
the output axis of the wire transmission to minimize the moving
mass, which rotated about the origin O. The reduction ratio of
the wire transmission had a value of 0.1. In the figure, θ and
θ̇ represent the rotation angle of the handle and its rotational
velocity. The 150-W maxon dc motor was used with an optical
encoder mounted at the motor axis for sensing the rotational
motion of the handle. A real-time Linux OS was installed at the
PC to maintain an accurate sample interval. The haptic controller
and VE were implemented at the PC.

A virtual device and virtual wall were implemented in VE, as
shown in Fig. 7(b). The motion of the virtual device is synchro-
nized with that of the haptic device. Hence, a human operator
can feel the reactive force from the virtual wall, when the virtual
device is in contact with the wall. The surface of the virtual wall
was located at θw = 90◦, as shown in Fig. 7(b). A vector, n,
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Fig. 8. Experimental haptic interface with the multirate wave transforms.

denoted the unit vector normal to the virtual wall. The virtual
wall was represented as a spring-damper model in which the
spring constant, Kve , was set to 102 N·m/rad and damping co-
efficient, Dve , was set to 0.5 N·m·s/rad. The torque generated
by VE, τve , was computed by Kve(θ − θw ) + Dve θ̇, if θ > θw

(i.e., penetration occurs between the virtual device and the wall);
otherwise, τve would be set to zero. A hand force (or torque)
input fh(or τh) was provided to move the handle in the clock-
wise direction. In the experiments, the sampling period of VE
was set to 0.05 s and that of the haptic device was set to 0.001 s.

The multirate haptic interface used in the experiment is illus-
trated in Fig. 8. Compared with the conventional haptic interface
shown in Fig. 1, the multirate haptic interface in Fig. 8 has no
haptic controller Gc(z), but has the block of the multirate wave
transform. The block of the multirate wave transform consists
of two wave transforms and two rate transitions, as shown in
Fig. 5. Note that time delay in a communication line was not
implemented during the experiments to clearly show the effects
of the multirate wave transform.

B. Displaying Virtual Wall

Fig. 9 shows the experimental results for the conventional
haptic interface illustrated in Fig. 1 with no haptic controller
(i.e., Gc(z) = 0). As shown in the angular position and veloc-
ity responses, highly unstable behavior was observed, which
was caused by the low VE update rate (i.e., Tve >> T in this
case). The energy level steeply decreased to the negative re-
gion, which meant that the system became highly active. The
energy of the virtual device was computed by summing up
θ̇ve(kveTve)τve(kveTve)Tve , while that of the haptic device was
obtained by summing up θ̇(kT )τ(kT )T . As expected, the en-
ergy of the haptic device steeply decreased together with that of
the virtual device.

The results shown in Fig. 10 were obtained by adding a damp-
ing term Gc(z) = D (in this case, 1.0 N·m·s/rad) in the con-
ventional haptic interface illustrated in Fig. 1. Note that D was
experimentally determined such that the experimental haptic
system is stabilized with minimum damping. With this added
damping, stable force display was achieved as shown in the
angular position and velocity responses. However, the torque
response of the haptic device indicated that a relatively large
torque was generated even in the free space due to this added
damping. The energy of the haptic device increases in the free
space, whereas the energy of the virtual device did not change
until the contact occurred, because no torque was generated in
the free space of VE.

Fig. 9. Unstable force display.

Fig. 10. Experimental result of additional damping.

Fig. 11 shows the experimental results of the proposed haptic
interface characterized by the multirate wave transform with no
haptic controller. In this case, the wave impedance b was set at
1.5 N·m·s/rad. Because of the inertial effects originated by the
multirate wave transform, the torque of the haptic device was
interpolated during sample interval of VE, and therefore, stable
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Fig. 11. Experimental results of the proposed haptic interface with multirate
wave transform.

force display was achieved. The energy of the haptic device
remained in the positive region, while that of the virtual device
remained in the negative region. The torque at the free space in
Fig. 11 was much smaller than that in Fig. 10 computed by the
damping term.

VI. CONCLUSION

This paper has proposed a control method that attempts to
overcome the instability arising from the low VE update rate
and time delay in a communication line. By computing the
norm of the scattering matrix, it was verified that the rate tran-
sitions on the wave variables became passive. Also, the force
computed by slowly updated VE was interpolated by the iner-
tia effects of the rate transitions on the wave variables during
the sampling interval of VE. With these results, a stable haptic
interface was derived with the multirate wave transform. From
various experiments and simulations, the following conclusions
were drawn.

1) The rate transitions on the wave variables are achieved
passively, as in the time delay in a scattered communica-
tion line.

2) For the multirate wave transform, the inertia effect is in-
duced by series of time delay on the wave variables during
the sampling interval of VE.

3) For the multirate wave transform, the force in the free
space is much smaller than that by the damping term in
Fig. 1.

Fidelity should be considered for further research since the
force interpolated by the multirate wave transform does not
represent the physical laws of VE during a sample interval.
A similar limitation using wave variables has been reported
for teleoperated systems with communication delay, and it was
overcome by a prediction approach [13]. In this paper, a large
displacement with a small force was observed in a teleoperation
device, whereas a small displacement with a large force occurred
in a remote system. For the multirate wave transform, however,
only the force at a haptic device is interpolated during a sample
interval and has almost the same value of a virtual device at
every sampling instant of VE, as shown in Fig. 6. Although
the multirate wave transform is in a better situation than the
aforementioned example, some control approach to overcoming
this limitation as in [13] is required.

APPENDIX

A. Passivity of the Multirate Wave Transform

To verify the passivity of H(zve), a scattering matrix of
H(zve) is computed. Since H(zve) increases in size as n in-
creases, H(zve) is reconfigured for easy computation of the
scattering matrix. From the definition of H(zve), H(zve) is
computed by

H(zve)

=


 b{2(In + P)−1 − In} 2(In + P)−1

−2P(In + P)−1 −1
b
{2P(In + P)−1 − In}




=




0 · · · 0 | 1 · · · 0
...

. . .
... |

...
. . .

...

0
... b z

(n −1 ) / n
v e −1

z
(n −1 ) / n
v e +1

| 0 · · · 2z
(n −1 ) / n
v e

z
(n −1 ) / n
v e +1

−− −− −− −− −− −− −− −− −− −− −−
−1 · · · 0 | 0 · · · 0

...
. . .

... |
...

. . .
...

0 · · · − 2

z
(n−1)/n
ve + 1

| 0 · · · − z
(n −1 ) / n
v e −1

b(z (n −1 ) / n
v e +1)



.

(A1)

H(zve) can be divided into four diagonal ma-
tricies, as shown in (A1). Let the input vector xm =
{ ẋ(kve , 0), fve(kve , 0) · · · ẋ(kve , n − 1), fve(kve , n−1)}T ∈
R2n and the output vector ym =
{f(kve , 0), −ẋve(kve , 0) · · · f(kve , n − 1), − ẋve(kve , n −
1)}T ∈ R2n , where the input vector x =
{ ˜̇x(kve , 0), f̃ve(kve , 0)}T ∈ R2n , and the output vector

y =
{

f̃(kve , 0), −˜̇xve(kve , 0)
}T ∈ R2n . The new input and

output vectors satisfy the condition that xT y = xT
mym . With

the new input and output vectors and (A1), the new operator
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Hm (zve) is obtained as follows:

Hm (zve) =




Hm11(zve) 0 · · · 0

0 Hm22(zve)
...

...
. . . 0

0 · · · 0 Hmnn (zve)




∈ R2n×2n (A2)

where

Hmii(zve) =




b
z

(i−1)/n
ve − 1

z
(i−1)/n
ve + 1

2z
(i−1)/n
ve

z
(i−1)/n
ve + 1

− 2

z
(i−1)/n
ve + 1

− z
(i−1)/n
ve − 1

b(z(i−1)/n
ve + 1)


 ,

i = 1, . . . , n.

From (6), the scattering matrix is obtained by

S(zve) = (Hm (zve) − I2n )(I2n + Hm (zve))−1

=




S11(zve) 0 · · · 0

0
. . .

...
...

. . . 0
0 · · · 0 Snn (zve)


∈ R2n×2n (A3)

where

Sii(zve)

=(Hmii − I2)(Hmii + I2)−1 ∈ R2×2

=




(b2−1)(z(i−1)/n
ve −1)

(b + 1)2z
(i−1)/n
ve −(b − 1)2

4bz
(i−1)/n
ve

(b + 1)2z
(i−1)/n
ve −(b − 1)2

−4b

(b + 1)2z
(i−1)/n
ve −(b − 1)2

−(b2−1)(z(i−1)/n
ve −1)

(b + 1)2z
(i−1)/n
ve −(b − 1)2


,

i = 1, . . . , n.

To compute the norm of S(zve), S∗(ejωTv e )S(ejωTv e ) should
be obtained. Let q ≡ ejωT = cos(ωT ) + j sin(ωT ). Then,
ejωTv e = ejωnT = qn (n = Tve/T ) and S∗(ejωTv e )S(ejωTv e )
is obtained by

S∗(qn )S(qn ) =




A11(qn ) · · · 0
...

. . .
...

0 · · · Ann (qn )


 (A4)

where Aii(qn ) = S∗
ii(q

n )Sii(q
n ) ∈ R2×2 for i = 1, . . . , n.

Sii(q
n )and S∗

ii(q
n ) are computed by

Sii(qn ) =
1
C

[
(b2 − 1)(qi−1 − 1) 4bqi−1

−4b −(b2 − 1)(qi−1 − 1)

]

(A5)

S∗
ii(q

n ) =
1
C

[
(b2 − 1)(qi−1 − 1) −4b

4bqi−1 −(b2 − 1)(qi−1 − 1)

]

(A6)

where C = (b + 1)2qi−1 − (b − 1)2 , C = (b + 1)2qi−1 − (b −
1)2 , qi−1 ≡ ejω (i−1)T = cos(ω(i − 1)T ) + j sin(ω(i − 1)T ),
and qi−1 = cos(ω(i − 1)T ) − j sin(ω(i − 1)T ). It is noted that
qi−1qi−1 = 1. All components of Aii(qn ) are derived by

CC = 2(b2 − 1)2 + 16b2 − (b2 − 1)2(qi−1 + qi−1)

(A7)

Aii,11(qn ) =
(b2 − 1)2(qi−1 − 1)(qi−1 − 1) + 16b2

CC

=
2(b2 − 1)2 + 16b2 − (b2 − 1)2(qi−1 + qi−1)

CC

= 1 (A8)

Aii,12(qn ) =
4b(b2 − 1)qi−1(qi−1−1) + 4b(b2 − 1)(qi−1 − 1)

C̄C

=
4b(b2 − 1){qi−1(qi−1 − 1)+(qi−1 − 1)}

C̄C

= 0 (A9)

Aii,21(qn ) =
4b(b2 − 1)qi−1(qi−1−1)+4b(b2−1)(qi−1−1)

CC

=
4b(b2 − 1){qi−1(qi−1 − 1) + (qi−1 − 1)}

CC

= 0 (A10)

Aii,22(qn ) =
16b2qi−1qi−1 + (b2 − 1)2(qi−1 − 1)(qi−1 − 1)

CC

=
2(b2 − 1)2 + 16b2 − (b2 − 1)2(qi−1 + qi−1)

CC

= 1. (A11)

Hence,

Aii(qn ) =
[

Aii,11(qn ) Aii,12(qn )
Aii,21(qn ) Aii,22(qn )

]
=

[
1 0
0 1

]

regardless of i and S∗(ejωTv e )S(ejωTv e ) is derived by

S∗(ejωTv e )S(ejωTv e ) = I2n . (A12)
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[23] K. J. Åström and B. Wittenmark, Computer-Controlled Systems—Theory
and Design. Englewood Cliffs, NJ: Prentice-Hall, 1997, pp. 286–289.

[24] S. S. Haykin, Active Netwok Theory. NY: Addison-Wesley, 1970.
[25] J. H. Lee, C. H. Cho, M. S. Kim, and J. B. Song, “Haptic interface through

wave transformation using delayed reflection: Application to a passive
haptic device,” Adv. Robot., vol. 20, no. 3, pp. 305–322, 2006.

Changhyun Cho received the B.S. and M.S. degrees
from Kyunghee University, Seoul, Korea, in 1997
and 1999, respectively, and the Ph.D. degree from
Korea University, Seoul, in 2005, all in mechanical
engineering.

From 2005 to August 2008, he was with the Cen-
ter for Intelligent Robotics, Frontier 21 Program, at
the Korea Institute of Science and Technology, Seoul.
Since September 2008, he has been with the Depart-
ment of Control, Instrumentation and Robot Engi-
neering, Chosun University, KwangJu, Korea, where

he is currently an Assistant Professor. His current research interests include
mechanism design and control of robotic systems.

Jae-Bok Song (M’99) received the B.S. and M.S.
degrees from Seoul National University, Seoul,
Korea, in 1983 and 1985, respectively, and the Ph.D.
degree from Massachusetts Institute of Technology,
Cambridge, in 1992, all in mechanical engineering.

Since 1993, he has been with the Department of
Mechanical Engineering, Korea University, Seoul,
where he is currently a Full Professor. His current
research interests include robot navigation and de-
sign and control of robotic systems including haptic
devices and field robots.

Munsang Kim received the B.S. and M.S degrees
in mechanical engineering from Seoul National Uni-
versity, Seoul, Korea, in 1980 and 1982, respectively,
and the Ph.D. degree in robotics from the Technical
University of Berlin, Berlin, Germany, in 1987.

Since 1987, he has been with the Korea Insti-
tute of Science, Seoul, as a Research Scientist. He
has been leading the Advanced Robotics Research
Center since 2000, where he became the Director of
the “Intelligent Robot-–The Frontier 21 Program” in
October 2003. His current research interests include

design and control of novel mobile manipulation systems, haptic device design
and control, and sensor application to intelligent robots.

Authorized licensed use limited to: Korea Institute of Science and Technology. Downloaded on October 10, 2008 at 21:04 from IEEE Xplore.  Restrictions apply.


