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Acceleration Estimator for Low-Velocity and
Low-Acceleration Regions Based on Encoder

Position Data
Se-Han Lee and Jae-Bok Song

Abstract—Acceleration computation based on simple numerical
differentiation from an optical encoder signal may be very erro-
neous, especially in the low-velocity and low-acceleration regions.
To overcome this problem, a novel approach to estimating accel-
eration in these regions is proposed in this paper. This so-called
low-acceleration estimator, which is a computer algorithm, is based
on the fact that the displacement signal from the encoder is accu-
rate. Since the bandwidth of this estimator is rather limited, it can
be used in combination with the traditional numerical differentia-
tion approach in order to cover a wide velocity range. It was shown
in various simulations and experiments that this combined accel-
eration estimator can yield accurate acceleration estimates over a
wide range of velocities. Furthermore, when this estimator is ap-
plied to a friction compensation system, the effect of low-velocity
friction can be reduced significantly by its capability to detect small
changes in acceleration caused by friction.

Index Terms—Low-acceleration estimator, low-acceleration re-
gion, low-velocity region, M/T method.

I. INTRODUCTION

T HE precision of mechanical systems using servo motors
has been greatly improved thanks to advancement of

position and velocity control techniques. Optical encoders are
widely used for both position and velocity measurements in
most applications associated with the servo motors due to high
resolution, high accuracy, and relative ease of adaptation in
digital control systems [1].

Velocity sensing based on an optical encoder is usually done
by either a fixed-time or fixed-position method. A fixed-time
method, also called a pulse-counting or “M” method, estimates
the velocity by counting the pulses over a fixed sampling pe-
riod. A fixed-position method, also called a pulse-timing or “T”
method, estimates the velocity by measuring the time for one
encoder pulse using a high-frequency auxiliary clock signal. It
is well known, however, that the fixed-time and fixed-position
methods are inaccurate at low and high velocity ranges, respec-
tively. Therefore, Ohmae [2] proposed a so-called M/T method,
which generates accurate velocities over a wide range of veloci-
ties by combining these two methods. One drawback of the M/T
method is that the detection period is always variable. For ex-
ample, the detection period becomes very lengthy in the low-ve-
locity region, and thus only average velocity can be obtained in-
stead of instantaneous velocity. On the other hand, acceleration
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is usually computed by numerical differentiation (ND), in which
the difference between successive velocities is divided by the
time interval, but the numerical differentiation inherently gen-
erates inaccurate results, particularly in the low-velocity and/or
low-acceleration regions. In addition, the differentiation process
tends to magnify errors or noises.

Some research has been done to improve accuracy of velocity
and acceleration sensing from the optical encoder signals. Some
researchers employed a Kalman filter to estimate the velocity
and/or acceleration accurately [3], [4]. Since this approach
requires the target velocity and acceleration trajectories, which
should be sent to the filter, it cannot be applied to the case where
arbitrary velocity and acceleration are measured. Dunworth [5]
usedsomehardware todetect the frequencyof theencodersignal,
but this method requires a rather long sampling period inade-
quate for high-speed applications. Nicosia [6] used a nonlinear
observer to obtain the angular velocities, but its applications are
limitedsince theobserver requires thecompletenonlinearmodel.

In this paper, a new algorithm for acceleration estimation
is proposed. This so-called low-acceleration estimator (LAE)
is based on two facts: the displacement information based on
the encoder signal is very accurate and numerical integration is
more stable and accurate than numerical differentiation. This
approach has some advantages over other approaches. First,
this estimator does not require system models needed for a
Kalman filter or other observer-based approaches. Second,
accurate acceleration estimation can be achieved even in very
low velocity and/or very low acceleration ranges, in which
acceleration sensing is usually very difficult.

This paper presents some difficulties in sensing acceleration
in the low-velocity and low-acceleration ranges both analytically
and experimentally. Then the features and performance of the
proposed low-acceleration estimator are discussed in detail. Fi-
nally, the proposed acceleration estimator will be applied to fric-
tion compensation control systems in order to verify its validity.

II. A CCELERATION ESTIMATION BASED ON NUMERICAL

DIFFERENTIATION

A. Experimental Setup

Fig. 1 shows the experimental setup used in observing per-
formance of acceleration computation done by an acceleration
estimator proposed in this research. The servo system is made
up of a three-phase and four-pole brushless dc (BLDC) linear
motor equipped with an optical encoder with a resolution of
0.5 m/pulse. A linear motor has the same operating principle
as a rotary motor, except that the former consists of moving
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Fig. 1. Schematic of experimental setup.

Fig. 2. Timing diagram of velocity measurement using M/T method.

and stationary parts corresponding to the rotor and stator of the
latter. The control logic for driving a motor is realized using
the TMS320C31 DSP board and the voltage-driven pulse-width
modulation (PWM) power amplifier.

The sampling period of this system is set to 400s, since
the PWM power amplifier has a bandwidth of 2.5 kHz. Further
reduction in may degrade the accuracy of velocity measure-
ment, especially in the low-velocity region. The period of aux-
iliary clock pulses used to measure the additional time
is set to 1 s.

B. Velocity Measurement by M/T Method

As shown in Fig. 2, the period used for an M/T method is
composed of the sampling periodand the additional time
required for the encoder pulse to become an integer multiple.
That is, spans from the rising edge of the encoder pulse to
the first rising edge after has elapsed. The displacement
and velocity during are then obtained by

(1)

(2)

where is the number of the encoder pulses and( m/pulse)
is the encoder resolution.

Let us consider the velocity detection at low velocity based on
the M/T method. Fig. 3 shows the simulation results in which the
direction of a linear motor changes and passes the zero velocity
point. The number of pulses gradually drops as the velocity
decreases, and then increases after passing the zero velocity with
the negative sign. On the other hand, it is observed that the addi-
tional time , while very small at most velocity ranges, sharply
increases in the low-velocity region marked by a circle. For ex-
ample, no pulse appears near the zero velocity region, and thus

required for the next rising edge becomes significantly large.
In Fig. 3, where s is assumed, s is
needed for velocity computation based on the M/T method, thus
leading to s. This corresponds to about 7.5 times the
sampling period, and an update of velocity information (and ac-
celeration as well) is unavailable during this interval. Such a low

Fig. 3. Number of encoder pulsesm and auxiliary period�T at low velocity
(simulation).

Fig. 4. Number of encoder pulsesm and auxiliary period�T at low velocity
(experiment).

(or zero) velocity region, usually caused by direction change, is
inevitable in real servo control problems. Fig. 4 shows the exper-
imental result for the same situation as in Fig. 3. The tendency
of a sharp increase in near the zero velocity region is similar
to the simulation, but a discontinuity in appears in the experi-
mental result. This is because the motor repeats the stick-and-slip
phenomenon due to frictional force.

In summary, the velocity using an M/T method is accurate
over a wide range of velocities, but a drawback is that only the
average velocity taken during a long period can be determined
around the low-velocity region.

C. Acceleration Estimation by Numerical Differentiation

Acceleration based on an optical encoder is generally obtained
by numerically differentiating the velocity computed based on an
M/T method. Although the accuracy of this approach is accept-
able over a wide velocity region, it is likely that the acceleration
will become very inaccurate around the low-acceleration and/or
low-velocity regions. Inwhat follows, theanalytical investigation
of this problem is considered. First, the acceleration computation
near the zero acceleration regionwill be examined.

Suppose that the linear motor performs a motion with a sinu-
soidal velocity profile

(3)

where represents the desired reference velocity, which may
be slightly different from the actual velocity, and and de-
note the amplitude (assumed to be 0.04 m/s in the simulation)
and frequency, respectively. Though a sinusoidal velocity pro-
file is assumed for convenience, the result of this analysis can
be readily extended to arbitrary velocity profiles. Furthermore,
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Fig. 5. Analytic and numerical differentiation based accelerations for sine-
wave velocity profile with amplitude of 0.04 m/s and frequency of 1 Hz.

a circular motion is realized by two sinusoidal profiles applied
to two perpendicular axes in real applications. The reference ac-
celeration can then be given by

(4)

A large error in acceleration estimation occurs frequently around
zero acceleration regions where the change in velocity is very
small. This phenomenon can be analyzed as follows. The sam-
pling period in Fig. 1 is 400 s, and the period of the auxiliary
pulse is set to 1s, as mentioned before. Hence, the denominator
of (2), , hasa maximumerror of 1 s.Since this
corresponds toanerrorof % with respect to
( s), thevelocity valuebased the M/Tmethodhas the same
amountoferror.Assumethat twoconsecutivevelocitiesand
are obtained by the M/Tmethod.Since eachvelocity may have an
error of 0.25%, the velocity change may have
a maximum error of 0.5% . The reference acceleration
is the derivative of , but can also be expressed by numerical
differentiation as follows:

(5)

Note that holds in Fig. 4, since the velocity reaches the
amplitude at the zero acceleration of . Substitution of
(3) and (4) into (5) yields

(6)

The left-hand side of (6) represents the ratio of velocity change
to the velocity at the time when the acceleration is determined.
Since may contain an error as much as0.5% ,
the right-hand side of (6) lies within the error bound of the
velocity measurement when %, and thus the
acceleration value computed by (5) in this case is meaningless.
As the product of and becomes larger, the region for

%, also grows and thus the range in which
(6) is valid increases. Since is usually predetermined in a
control system, the valid range for acceleration computation
grows as the frequency of a velocity signal increases.

Now, the above analysis will be investigated by actual accel-
eration detection. Fig.5 shows the acceleration estimated by nu-
merical differentiation for the sinewave velocity profile with the
amplitude of 0.04 m/s and the frequency of Hz. When
compared with the reference acceleration computed by (4), the
acceleration estimate by numerical difference based shows se-
vere variation, especially around the zero acceleration. Fig. 6
shows the result with the increased frequency of Hz,

Fig. 6. Analytic and numerical differentiation based accelerations for sine-
wave velocity profile with amplitude of 0.04 m/s and frequency of 5 Hz.

Fig. 7. Velocity detection around zero velocity by M/T method.

where variations in the acceleration signal significantly reduce,
but it can be seen that it is still difficult to obtain accurate accel-
eration values around the zero acceleration region.

On the other hand, it is observed that the abnormal glitch sig-
nals appear in the acceleration signal around the zero velocity
region. Since the velocity profile of (3) is applied, such an ab-
normal signal is not possible. Fig. 7(a) shows the enlarged por-
tion of the low-velocity region (i.e., around 0.05 s in Fig. 6).
The M/T-based velocity estimation is not able to detect zero ve-
locity accurately and generates a discontinuity from the positive
to negative velocity value. This is because the M/T method re-
quires at least one pulse to determine the velocity, thus leading
to of (2)’s being always positive. That is, zero velocity de-
tection is inherently impossible with the M/T method. As shown
in Fig. 7(b), the finite velocity value is computed after the motor
passes the zero velocity point at which the direction of the motor
changes and advances, since the period becomes maximum
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Fig. 8. Block diagram of low-acceleration estimator.

around the zero velocity region in the M/T method. Note that at
this point, the sign of the velocity becomes negative, since the
direction already has been reversed.

The same situation can be explained in terms of the encoder
pulse output as follows. The rising edge of the pulse is detected
at the position of Fig. 7(c) during the forward movement, and
then the rising edge is again detected atduring the reverse
movement after the direction change. The positionsand
are physically identical, since the motor movesin the forward
direction and then moves back in the reverse direction. Thus,
the velocity must be zero because no displacement occurs during
that period. In the actual velocity computation, however, one
pulse of m is counted and isconsidered as negative,
thus resulting in the negative velocity at. That is, an abnormal
velocity is detected between and , and the acceleration
estimateusing thisvelocityvaluecauses theglitchsignal inFig.6.

In summary, the acceleration estimation based on numerical
differentiation may be very inaccurate in both the low-acceler-
ation and low-velocity regions. Therefore, some new approach
to resolve this problem is required.

III. L OW-ACCELERATION ESTIMATOR

A. Structure of a Low-Acceleration Estimator

In general, velocity is obtained by differentiating displace-
ment and acceleration by differentiating velocity, or

(7)

where and are the acceleration, velocity, and displace-
ment, respectively. Based on this basic relation, a low-accelera-
tion estimator, which is especially useful for low-acceleration
and low-velocity ranges, is proposed in this paper. This esti-
mator is based on the following two facts.

1) The displacement information from the encoder signal is
very accurate.

2) Numerical integration provides more stable and accurate
results than numerical differentiation.

Fig. 8 shows the structure of a low-acceleration estimator,
which includes a double integrator. The acceleration estimate
iscomputed fromthedisplacementmeasured fromtheencoder,
the estimateddisplacementfrom the double integrator, and the
estimated velocity . That is, the PD control in the
form of

(8)

is performed so that the estimated displacementfollows the
actual displacement. Based on (8), the transfer function from

to in the block diagram of Fig. 8 can be obtained by

(9)

Fig. 9. Estimated acceleration responses of the PD controller: (a) excluding
dx=dt in the derivative term and (b) includingdx=dt in the derivative term.

Fig. 10. Analytic and LAE-based accelerations for sinewave velocity profile
with amplitude of 0.04 m/s and frequency of 5 Hz.

where represents the bandwidth of the low-acceleration es-
timator. The gains and of the PD controller are readily
determined from the required bandwidth of the estimator.

Note that the actual displacementis not included in the
derivative term in (8). As shown in Fig. 9, the acceleration re-
sponse without in the derivative action [Fig. 9(a)] is much
better than that with included [Fig. 9(b)]. This can be ex-
plained as follows. The displacement signalfrom the encoder
contains not only the low-frequency displacement information
but also high-frequency components caused by the discontinuity
of the pulse signal, since can take on the integer multiple of
the encoder resolution (0.5m in this case). Thus, the differ-
entiation of may cause severe noise, leading to the inaccurate
acceleration estimate. Another minor reason is that the transfer
function has the standard form as in (8) with excluded,
which enables the gains and to be determined easily.

The proposed estimator is not hardware, but just a computer
algorithm implemented in discrete-time form. The double inte-
grator is represented in digital form by

(10)

where the state variables and represent the esti-
mated displacement, velocity, and acceleration, respectively,
and is the sampling period. The digital PD controller with
discretized gains corresponding to (8) is given by

(11)

Fig. 10 shows the acceleration response obtained by the low-
acceleration estimator in the same condition as in Fig. 5. It is
observed that the poor responses in Figs. 5 and 6 around the
low-acceleration and low-velocity regions were much improved
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Fig. 11. Acceleration responses: (a) based on ND and (b) based on LAE.

in Fig. 10. In Fig. 11, the linear motor was controlled to follow
the reference sinusoidal velocity profile with very low frequency
of 0.2 Hz, and the response by the low-acceleration estimator
was compared with that by numerical differentiation. It is no-
ticed in Fig. 11(a) that accurate sensing of the acceleration is al-
most impossible in the entire region, not to mention the region
with direction reversal. However, the proposed acceleration es-
timator can determine acceleration with relative accuracy in the
entire region. At the zero velocity region, some variations in ac-
celeration are observed, because a temporary stop region arises
due to friction existing in the linear motor at direction reversal.

One of the important design considerations of the low-accel-
eration estimator is its damping ratioand bandwidth . The
damping ratio is usually selected as 0.707, which corresponds
to the critical damping, because it provides the fastest response
without overshoot. On the other hand, it is difficult to give a
general guideline for the determination of the bandwidth, since
it is dependent upon the situations. However, the experimental
results in Fig. 12 showing the acceleration estimates with the
bandwidths of 50 and 150 Hz for each damping ratioof 0.707
may be a good guideline for the bandwidth determination. Al-
though the tracking capability of the estimator generally im-
proves as the bandwidth becomes larger, the large bandwidth
can adversely affect the estimation performance, as observed in
Fig. 12(b). Since the actual displacement is in the form of a step
function, the large bandwidth enables the estimator to follow the
discontinuity portion of , which is characterized by high-fre-
quency components. However, the response is still better than
that in Fig. 5 in which numerical differentiation is employed.
Note that the bandwidth of the low-acceleration estimator does
not need to be large if the variation in the acceleration under
consideration is not very large.

B. Combined Acceleration Estimator

The acceleration estimation based on numerical differentia-
tion can provide very useful and accurate results on the condi-
tion that the velocity signals have relatively large variations and
keep off of the low-velocity region. However, velocity signals
are not alterable once they are generated, and low-velocity situ-
ations frequently occur due to direction reversal or the stick-slip
phenomenon. As shown before, the proposed low-acceleration
estimator can function well in such unavoidable situations.

Fig. 12. Estimated acceleration responses for different bandwidths: (a)! =

50 Hz, � = 0:707 and (b)! = 150 Hz, � = 0:707.

It is desirable to perform acceleration estimation by com-
bining the proposed low-acceleration estimator and numerical
differentiation. For this purpose, the following criteria are em-
ployed.

Condition 1) The velocity is smaller than the specified ve-
locity .

Condition 2) The ratio of velocity change to velocity
is smaller than the specified value.

Note that Conditions 1) and 2) represent the criteria for a zero
velocity region and a zero acceleration region, respectively. The
procedure is as follows. First, and are computed by
the M/T method. Then, if either of the conditions is met, the
low-acceleration estimator is used; otherwise, the acceleration
is estimated by numerical differentiation.

The value of Condition 1) can be determined as the
velocity corresponding to one encoder pulse per sampling
period , because the velocity smaller than this may cause the
velocity updating period to become excessively large. The
value of Condition 2) can be set to 5% according
to the argument associated with (6). Although the numerical
differentiation begins togiveuseful data for the velocity regionof

% from the discussion in Section II-C, the region
in which the numerical differentiation provides accurate results
may be selected as % from the practical point of view.

To investigate the validity of this approach, a simulation as
in Fig. 13 was performed. Consider the arbitrary velocity signal
with a wide range of frequency components given by

(12)
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Fig. 13. Estimated accelerations of various estimation methods: (a) velocity profile, (b) acceleration by ND, (c) acceleration by LAE with! = 50 Hz, � =

0:707, and (d) acceleration by a combination of ND and LAE (V = 0:0012 m/s,C = 0:05).

The exponential term of (12) was used as a weighting factor,
which yields the high-frequency components around 0.5 s. Note
that the analytical expression for the velocity is used since its
derivative provides an accurate reference acceleration, which
can be compared with the actual acceleration estimates. The ac-
celeration response based on numerical differentiation as shown
in Fig. 13(b) provides inaccurate results in the low-acceleration
region, while that based on the low-acceleration estimator as
shown in Fig. 13(c) yields poor results in the high-acceleration
region. However, Fig. 13(d) with suitable switching between the
two approaches shows good acceleration response over a wide
range of velocity.

IV. FRICTION COMPENSATIONUSING LOW-ACCELERATION

ESTIMATOR

In friction compensation control systems, friction observers
are used to estimate the friction force [7]–[9], and the main pur-
pose of the friction observer is to detect changes in acceleration
due to friction. Its use is important because external forces such
as friction force cause immediate variation in acceleration. In
order to construct an accurate acceleration observer, plant pa-
rameters, such as motor inertia and load inertia, are needed,
but they tend to vary depending on the task being performed,
which makes construction of the observer difficult. Since fric-
tion compensation is usually performed in the low-velocity
region, the proposed low-acceleration estimator can serve as a
useful tool in this situation. Fig.14 shows the block diagram
of a friction compensation system, which is composed of the
proportional integral (PI) controller and the low-acceleration

Fig. 14. PI velocity control system with LAE.

estimator. The control signal sent to the motor in this system
is given by

(13)

where
control signal;
proportional gain, integral gain, and gain for
acceleration compensation, respectively.
reference velocity, actual velocity, and refer-
ence acceleration, respectively;
estimated acceleration from the low-acceler-
ation estimator.

Note that the reference velocity and acceleration are predeter-
mined since the table of a machine tool follows the prede-
termined path. The third term in (13) is added in order to expe-
dite the friction compensation using the error between the ref-
erence acceleration and estimated acceleration.

Fig.15 shows the experimental results representing the ve-
locity tracking performance of the proposed friction compen-
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Fig. 15. Velocity responses and control signals for conventional PI controller
(dashed) with proportional gainK = 60, integral gain,K = 2000, and
friction compensation controller with LAE (solid) with acceleration gainK =

25 (Vs /m), where V is volt.

sation system. Compared to the result of where the PI controller
without friction compensation is applied, it is observed that the
stop region of the moving part of the motor has been reduced
significantly from 35 to 15 ms. Furthermore, the response faith-
fully follows the reference velocity immediately after the end
of the stop region. Consider the control signal sent to the motor
in Fig. 15. In the case of the PI controller without friction com-
pensation, the control signal gradually increases after the con-
version of the direction by the integral action. On the other hand,
with the aid of friction compensation, the control signal quickly
increases thanks to the control input caused by the difference
between the estimated and reference accelerations.

V. CONCLUSION

In this paper, it was analytically shown that the accelera-
tion estimated by numerical differentiation yields inaccurate re-
sults in the low-velocity and low-acceleration regions. To over-
come this inaccuracy, the low-acceleration estimator was pro-
posed to provide accurate acceleration estimates, especially in
the low-velocity and low-acceleration regions. Since this algo-
rithm is based on numerical integration, the bandwidth of the
low-acceleration estimator is rather limited. Therefore, this esti-
mator can be used in combination with the traditional numerical
differentiation, which is quite useful except for low-velocity or
low-acceleration regions. It was shown in various simulations
and experiments that this combined acceleration estimator can
yield accurate acceleration estimates over a wide range of ve-
locities.

The proposed low acceleration estimator was applied to fric-
tion compensation control systems in order to verify its validity.
With this estimator, the stop region of the motor was clearly es-
timated, which is caused by friction in the low-velocity region.

Furthermore, the effects of low-velocity friction, especially at
the direction reversal, can be significantly reduced in the friction
compensation control system, which is attributed to the accurate
sensing of the zero acceleration by the proposed estimator.
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