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The elevation map is one of the most popular maps for outdoor navigation. We propose the elevation moment of
inertia (EMOI), which represents the distribution of elevation around a robot in an elevation map, for use in the
matching of elevation maps. Using this feature, outdoor localization can be performed with an elevation map
without external positioning systems. In this research, the Monte Carlo localization (MCL) method is used for
outdoor localization, and the conventional method is based on range matching, which compares range sensor
data with the range data predicted from an elevation map. Our proposed method is based on EMOI matching.
The EMOI around a robot is compared with the EMOIs for all cells of the pregiven reference elevation map to
find a robot pose with respect to the reference map. MCL based on EMOI matching is very fast, although its
accuracy is slightly lower than that of conventional range matching. To deal with the disadvantage of EMOI
matching, an adaptive switching scheme between EMOI matching and range matching was also proposed.
Various outdoor experiments indicated that the proposed EMOI significantly reduced the convergence time of
MCL. Therefore, the proposed feature is considered to be useful when an elevation map is used for outdoor
localization. C© 2010 Wiley Periodicals, Inc.

1. INTRODUCTION

Localization is one of the most important techniques for
mobile robot navigation in indoor and outdoor environ-
ments. Various types of maps, such as grid maps, ele-
vation maps, and topological maps, can be exploited for
localization (Kwon & Song, 2008; Thrun, 1998). A two-
dimensional (2-D) grid map is efficient and adequate when
a robot navigates in an indoor environment. In this case,
the motion of a robot can be expressed by three-degree-
of-freedom (DOF) motion (x, y, θ ) in 2-D space. How-
ever, outdoor navigation usually requires the estimation
of six-DOF motion [x, y, z, roll, pitch, yaw in three-
dimensional (3-D) space], and therefore the environment
should be represented by a 3-D map for localization. Even
though an elevation map is a 2.5-D map, it is the most
popular map to represent the 3-D outdoor environment
(Kummerle, Triebel, Pfaff, & Burgard, 2008; Nashashibi,
Fillatreau, Dacre-Wright, & Simeon, 1994). In this map,
the environment is regularly divided into small cells (say,
0.1 × 0.1 m) and each cell has elevation information. An ac-
curate elevation map can be generated using an aerial map-
ping system equipped with both a GPS/INS (global posi-
tioning system/inertial navigation system) for localization
and a LIDAR sensor for range data acquisition. This type of

map is suitable for a large outdoor environment and is used
as a main map for special applications such as military ve-
hicles (Frederick, Kania, Rose, Ward, Benz, et al., 2005).

If GPS/DGPS (differential GPS) data are available,
the localization problem in the outdoor environment can
be solved in a practical way to some extent. Therefore, little
research has been done on outdoor localization with re-
spect to a pregiven reference map, whereas considerable
research on environmental modeling based on the SLAM
(simultaneous localization and mapping) technique has
been done thus far (Cole & Newman, 2006; Durrant-Whyte
& Bailey, 2006). However, the GPS/DGPS-based localiza-
tion schemes cannot be successfully used for some appli-
cations, such as military robots, which may be exposed to
anti-GPS signals. In this case, the only given elevation map
is the reference data.

Among many localization techniques such as Kalman
filter–based localization (Lee, Kwon, & Song, 2007),
Markov localization (Fox, Burgard, & Thrun, 1998), Monte
Carlo localization (MCL) (Dellaert, Fox, & Thrun, 1999),
and so on, MCL has been the most widely used due to sev-
eral advantages. Its high performance in indoor environ-
ments has recently been demonstrated (Gutmann, Burgard,
Fox, & Konolige, 1998). In recent years, MCL has been ap-
plied to outdoor localization problems as well. However, its
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performance in terms of the success rate of global localiza-
tion and the errors of local tracking was generally lower
than that of indoor localization. Moreover, the computa-
tional cost of MCL in the outdoor environment is much
higher than that in the indoor environment because of the
size of the environment and the complexity of the map rep-
resentation. Other research on outdoor localization through
MCL could not reduce the computational cost of global lo-
calization, so it can take a very long time to globally find a
robot pose.

This research proposes a novel concept, the eleva-
tion moment of inertia (EMOI), which can be used for the
matching of elevation maps to find a robot pose with re-
spect to a pregiven elevation map. The EMOI quantifies
the distribution of elevation using the concept of moment
of inertia. Then, the similarity between the reference map
and the locally built map is evaluated using EMOI. The
MCL scheme was used to estimate a robot pose in this re-
search, and a proper sensor model was designed to use
the EMOI in MCL. The characteristics of localization using
EMOI matching were analyzed and compared with charac-
teristics using conventional matching, which directly com-
pared range sensor data with a map. The proposed EMOI
was found to drastically reduce the computational time of
global localization using EMOI matching instead of con-
ventional matching.

However, the localization accuracy based on the pro-
posed EMOI matching tends to be lower than that in the
conventional approach. Therefore, an adaptive switching
scheme between EMOI matching and range matching was
proposed so that fast convergence of EMOI matching could
be achieved in combination with accurate estimation of
range matching. In summary, the main contribution of this
research is the development of a new feature EMOI that
can describe the distribution of elevations as a unique value
and significantly speed up MCL-based localization with an
elevation map.

This paper is organized as follows. Related work is dis-
cussed in Section 2. Section 3 describes the experimental
setup and a common method of elevation map building.
Section 4 details the concept of EMOI. In Section 5, a sen-
sor model for EMOI is designed. Experimental results of
localization through MCL using both EMOI matching and
conventional range matching are presented in Section 6. Fi-
nally, conclusions are presented in Section 7.

2. RELATED WORK

City modeling using a digital surface map (DSM), which is
similar to the elevation map in this research, was conducted
by Frueh and Zakhor (2004). A DSM was used as a refer-
ence elevation map, and a vehicle pose with respect to the
DSM was estimated using the MCL method. The range data
obtained from a laser scanner were compared with those
predicted from the DSM to estimate a vehicle pose using
conventional matching. This is an extension of 2-D MCL
from an indoor environment to an outdoor environment.
Whereas a path generated by the scan matching method
shown in Figure 1(a) became more inaccurate as the vehicle
moved, the path generated by MCL in Figure 1(b) is very
accurate without error accumulation, even after more than
10 km, because it estimated a pose with respect to the refer-
ence map. However, it took a long time to generate a path
because of high computational complexity. Therefore, the
research in Frueh and Zakhor (2004) could not deal with
global localization through MCL; rather, a vehicle pose was
locally tracked with a known initial pose. Although it was
shown in Frueh and Zakhor (2004) that the error of local
tracking did not increase in an unbounded manner as the
vehicle moved, the performance of localization was not an-
alyzed quantitatively.

Similar research on outdoor localization using MCL
was conducted by Kummerle et al. (2008). In this study,
to overcome the disadvantages of MCL with an elevation

Figure 1. Experimental results in Frueh and Zakhor (2004): (a) path generated by scan matching, (b) MCL-corrected path su-
perimposed over DSM (darker and lighter cells mean lower and higher elevations, respectively), and (c) MCL-corrected path on
Google Earth map.
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map, a multilevel surface map was proposed to improve
MCL performance in the outdoor environment. The au-
thors empirically evaluated the success rate of global lo-
calization and the accuracy of local tracking. MCL perfor-
mance with a multilevel surface map was better than that
with an elevation map because a multilevel surface map
could describe the environment in detail. However, build-
ing such a map is very complicated and difficult, whereas
an elevation map such as DSM can be generated with rela-
tive ease. Furthermore, because an elevation map should be
used as a reference map in some applications, as mentioned
in the Introduction, the improvement of MCL performance
with an elevation map should be investigated.

To estimate a robot pose online with a large elevation
map through MCL, a new feature is required for fast match-
ing, and the concept of moment of inertia is used in this
research. This concept is widely used in various fields:
for example, the area or mass moment of inertia in statics
and dynamics represents the distribution of area or mass
about the axis of interest. 2-D and 3-D object recognition
is another example using the moment of inertia (Bay, Ess,
Tuytelaars, & Gool, 2008; Laga, Takahasi, & Nakajima,
2006). In Laga et al. (2006), the characteristics of various
3-D objects were defined according to the surface moment

of inertia, which represented the distribution of the surface
about three principal axes. By comparing the moment of
inertia of an unknown model with those of known mod-
els in the database, the most similar model could be found.
Similarly, this concept was applied to the matching of ele-
vation maps in this research to reduce computational cost.

3. EXPERIMENTAL SETUP AND LOCAL ELEVATION
MAP BUILDING

Figure 2 shows an example of the environments under con-
sideration and their elevation maps, which were given in
advance for localization experiments in this research. The
elevation map of Figure 2(a) was built from the range sen-
sor data obtained using our mobile robot system shown in
Figure 3, and the map of Figure 2(b) was built by an aerial
mapping system that can easily build an elevation map of a
very large outdoor environment using both a GPS/INS and
a LIDAR system. Because this type of map is very useful for
some applications such as military robots, land surveying,
and geography, localization schemes suited to this map are
also needed. Figure 2(b) also shows a small part of a very
large outdoor environment.

Figure 2. Examples of elevation maps.
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Figure 3. Experimental setup and local coordinate frames.

Figure 3 shows our experimental setup, which consists
of a Pioneer 3AT mobile robot and a SICK laser scanner.
This laser scanner senses the environment within 32 m and
is tilted from −45 to 45 deg by a dc servomotor. The abso-
lute roll and pitch angles of a robot are sensed by the iner-
tial measurement unit (IMU), and the yaw angle and small
motion increments are sensed by both the wheel encoder
and the IMU. Combining these data allows the estimation
of six-DOF motion in the global coordinate frame (Lacrois,
Mallet, Bonnafous, Bauzil, Fleury, et al., 2002).

The robot frame (Xrobot, Yrobot, Zrobot) was fixed at the
center of a robot, and a laser scanner was tilted with respect
to the y axis of the tilt frame (Xtilt, Ytilt, Ztilt). Range and an-
gle measurements di and αi were obtained in the laser scan-
ner frame (Xlaser, Ylaser, Zlaser), and di and αi were trans-
formed into the robot frame as follows:⎛
⎜⎝

xi

yi

zi

⎞
⎟⎠ =

⎡
⎢⎣

(di cos αi + xlaser) · cos θy + zlaser · sin θy + xtilt

di sin αi

(di cos αi + xlaser) · sin(−θy ) + zlaser · cos θy + ztilt

⎤
⎥⎦,

(1)

where i is the index {0, 1, . . . , 179, 180} of scanning data for
the scan range of 180 deg, xtilt and ztilt are the distances
from the origin of the robot frame to that of the tilt frame,
xlaser and zlaser are the distances from the origin of the tilt
frame to that of the laser scanner frame, and θy is the tilt
angle.

An obstacle can be sensed by the tilted laser scanner,
and its elevation can be calculated based on a six-DOF
robot pose. The elevation of each cell is updated when it
is sensed, as follows:

et (i, j ) =
{

zt (i, j ) + zt,robot, if et−1(i, j ) < zt (i, j ) + zt,robot,

et−1(i, j ), otherwise

(2)

where et (i, j ) is the elevation of cell (i, j ) at time t, zt,robot is
the z position of a robot, and zt (i, j ) is the sensed elevation

of cell (i, j ) at time t . If the newly sensed elevation of cell
(i, j ) is higher than the previous elevation, then the eleva-
tion of cell (i, j ) is replaced by this new elevation. This is
one of several methods for elevation map building, and it
is simple but widely used (e.g., Ye & Borenstein, 2004).

A Kalman filter–based method is also widely used
(e.g., Pfaff, Triebel, & Burgard, 2007). Because this approach
can deal with the uncertainty of a sensor, a reliable eleva-
tion map can be constructed. If the height of tall objects
(e.g., trees, roofs, walls), which are higher than the sensor
height, is sensed using this approach, the measured heights
are often different from the actual ones because of the vari-
ances involved in Kalman filtering. To deal with this prob-
lem, the robot should measure the range to the object at
a stopped position for a long time until the variances be-
come sufficiently small. It means that the Kalman filter–
based local elevation map during the robot movement may
be very different from the elevation map built by an aerial
mapping system, which can exactly map the highest parts
of an object into the elevation map. Therefore, the mapping
method described in Eq. (2) was used in this study instead
of a Kalman filter–based approach even though the result-
ing map was less reliable than the Kalman filter–based map
because this approach could not deal with the uncertainty
of a sensor.

4. ELEVATION MOMENT OF INERTIA

4.1. EMOI

Elevation and distance are the most important quantities
when an elevation map is used as a model for the envi-
ronment. Therefore, we combined these two properties to
design a new feature for elevation map matching. In this re-
search, we propose an EMOI, which represents the distribu-
tion of elevation along the distance from a certain position
of interest, as shown in Figure 4. The EMOI is calculated

Figure 4. Definition of EMOI.
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Figure 5. Examples of computation of EMOI.

using the elevation values of all cells within a circular re-
gion of radius R. The EMOI calculation is not affected by
the orientation of a robot, which makes the matching pro-
cess simple and fast. The reference elevation of the eleva-
tion map is not fixed. For example, the elevation can be cal-
culated with respect to a sea level, a start position, and so
on. Therefore, the difference in elevation �e from the center
of the region is used, and the EMOI is defined based on the
equation of moment of inertia as follows:

E(x, y) =
∫

r2 de, for r ≤ R, (3)

where (x, y) represents the center of the region in which the
EMOI is calculated, r is the distance from the center to a cer-
tain cell for which the elevation difference is �e, and R rep-
resents the radius of the region of interest. In this research,
Eq. (3) is implemented in a real elevation map as follows:

E(i, j ) = 1
n

n∑
k=1

r2
k �ek = 1

n

i+R′∑
p=i−R′

j+R′∑
q=j−R′

[(p − i)2 + (q − j )2]

× [e(p, q) − e(i, j )], for
√

(p − i)2 + (q − j )2 < R′,

(4)

where (i, j ) represents the cell at which the EMOI is calcu-
lated, e(i, j ) is the elevation of cell (i, j ) updated by Eq. (2),
and n is the number of cells within the circular region of in-
terest. R′ is the radius of the region expressed in the num-
ber of grids. For example, if the size of a cell is 0.1 × 0.1 m,
then 10 cells exist along a distance of 1 m, and thus R′ is a
rounded value of (10 × R). The term

√
(p − i)2 + (q − j )2 is

the distance from cell (i, j ) to cell (p, q), and if this distance

is less than R′, cell (p, q) is within the region of interest and
is used for the EMOI calculation. If the cell size is changed,
the number of cells used for the EMOI calculation is also
changed, and this affects the EMOI values. To eliminate this
effect, the result is normalized by division by n.

Examples of the computation of EMOI are shown in
Figure 5. It is assumed that six cells around a robot have
different elevations and that the robot can measure both
their elevations and the distances to them using a sensor. In
Figures 5(a) and 5(b), EMOIs were computed from Eq. (4)
as 44.3 and 32.8, respectively. Because the robot in
Figure 5(b) was closer to the center of six cells than the robot
in Figure 5(a), the EMOI in Figure 5(a) is larger than the
EOMI in Figure 5(b). Although the environment is fixed,
the EMOI changed as the robot moved; thus, the EMOI can
be used as a useful feature for localization.

Figure 6(a) shows the elevation map of the experimen-
tal environment of 60 × 60 m in size. Figures 6(b), 6(c), and
6(d) represent EMOIs of all cells with several values of R.
The size of a cell is 0.1 × 0.1 m, and the resolution of ele-
vation is 0.1 m. A high EMOI means that the distribution of
elevation within the region of interest changes substantially
and is not uniform. If the reference elevation map is given
for localization, the EMOIs of all cells can be calculated in
advance, as shown in Figure 6, which makes the matching
process very fast.

4.2. Consideration of Similarity with Other
Features

EMOI was proposed for outdoor localization based on a
pregiven elevation map. However, not much research has

Figure 6. EMOI calculated from all grids of elevation map with R = 5, 10, and 15 m.
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Figure 7. Examples of limitations of features (rg, θg, eavg) for localization with elevation map.

been conducted on outdoor localization with respect to the
pregiven reference map. Some researchers tried to improve
the real-time performance of local tracking (not global lo-
calization) (Kummerle, Hahnel, Dolgov, Thrun, & Burgard,
2009; Lingemann, Nuchter, Hertzberg, & Surmann, 2005).
The major feature of the EMOI scheme is the fast compu-
tation for global localization, but the algorithms developed
for similar objectives could hardly be found for outdoor lo-
calization. However, the features used by Thrun, Burgard,
and Dellaert (2001) are slightly similar to EMOI though
those features were used in indoor localization with a 2-D
grid map. In that experiment, three features were used to
generate samples (sampling) in their dual-MCL and mix-
ture MCL approaches. The three features are the position
(rc, θc) of the centroid of the scanned area relative to the
robot’s location in polar coordinate and the average dis-
tance davg of the scanned ranges. When the experimental
environment was scanned by a laser scanner, these three
features were extracted from the scanned data and com-
pared with the reference values that had been computed
in advance from the reference grid map. A 2-D grid map
and a 2-D laser scanner were used in that study, whereas
a 2.5-D elevation map and a 3-D sensing scheme were
used in our study. Another difference is that the features
(rc, θc, davg) were used to generate samples, whereas EMOI
was used to compute the weights of samples. The features
(rc, θc, davg) can be modified for outdoor localization with
an elevation map. In this case, the position of the centroid
(rc, θc) and the average distance davg may be replaced by the
center of gravity (rg , θg) and the average elevation eavg, re-
spectively. If the features are extracted from the elevations
of cells within a circular region such as EMOI, the values
of (rg , θg) and eavg will not be unique in some situations as
shown in Figure 7. Many poses of a robot have the identi-
cal values of (rg , θg) in Figure 7(a) and eavg in Figure 7(b).
EMOI also has a similar problem, but the memory size re-
quired to store EMOI is one third of the size for the features
(rg , θg , eavg). Moreover, it can be regarded that EMOI has

the characteristics of both rg and eavg. Therefore, EMOI is
a much more suitable feature for outdoor localization with
an elevation map than the features used by Thrun, Burgard,
and Fox (2005).

5. DESIGN OF A SENSOR MODEL FOR MCL

As shown in Figure 6, each cell of an elevation map has a
unique EMOI. The EMOI can also be obtained from a local
elevation map built by the laser scanner in real time. This
means that the proposed EMOI can be exploited as a feature
for matching in MCL. In MCL, the weighting of a sample is
updated using a sensor model that is based on observation.
Therefore, a sensor model of the EMOI was designed, and
it is described in this section.

Figure 8(a) shows a sensor model for the range data of
a laser scanner in a static environment (Fox, 1998; Thrun
et al., 2005). The range uncertainty represented by this
model can be modeled as a Gaussian distribution. The dif-
ference between the sensed and the predicted range data
was converted into a weighting using this sensor model

Figure 8. Uncertainty of observation: (a) sensor model for
range data and (b) propagation of range error into EMOI.
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as follows:

P (dsensor | dmap) = 1

σ
√

2π
exp

[
− (dsensor − dmap)2

2σ 2

]
, (5)

where dsensor is the distance obtained by a laser sensor, dmap
is the distance predicted from the map, and σ is the stan-
dard deviation associated with the uncertainty of both a
grid map and a laser scanner. The value of σ = 17.5 cm was
computed based on the approximation of a large amount of
actual data (Fox, 1998). In the same manner, a new sensor
model reflecting the uncertainty of the EMOI is required to
apply EMOI matching to MCL.

In this research, an elevation map was built using the
range data of a laser scanner, and the uncertainty of the
range data shown in Figure 8(a) was propagated through
the EMOI computation. First, we assumed that errors orig-
inate only from the range data (no error in the tilt angle),
as shown in Figure 8(b). The highest elevation of each cell
was sensed by a laser scanner as shown in Figure 8(b), and
the measured distance di was divided into distances ri and
ei along the horizontal and vertical directions, respectively.
The variable di is the sum of the true distance dtrue,i and the
uncertainty (or error) εd,i as follows:

di = dtrue,i + εd,i , (6)

where i is the index {1, 2, . . . , n} of a cell and n is the number
of cells within the region used for EMOI computation. The
variable εd,i represents the uncertainty associated with the
measured distance, as shown in Figure 8(a). The computed
EMOI, Ecom, is also composed of the true EMOI, Etrue, and
the uncertainty εE as follows:

Ecom = Etrue + εE. (7)

Using Eq. (4) and Figure 8(b), the propagation of εd,i

into εE can be analyzed. The horizontal and vertical errors
εr,i and ε�e,i are described by

εr,i = εd,i · cos θ = εd,i · (ri/di ),
(8)

ε�e,i = εd,i · sin θ = εd,i · (�ei/di ).

Substituting Eq. (8) into Eq. (4) yields

Ecom = 1
n

n∑
i=1

r2
i · �ei = 1

n

n∑
i=1

(rtrue,i + εr,i )2(�etrue,i + ε�e,i )

= 1
n

n∑
i=1

[
r2

true,i�etrue,i +
(

2rtrue,iεr,i + ε2
r,i

)
�etrue,i

+ r2
i ε�e,i

]
. (9)

Using Eqs. (7)–(9), the uncertainty of the EMOI, εE , is given
by

εE = Ecom − Etrue = Ecom − 1
n

n∑
i=1

r2
true,i · �etrue,i

= 1
n

n∑
i=1

[(
2rtrue,i · εr,i + ε2

r,i

)
· �etrue,i + r2

i ε�e,i

]

= 1
n

n∑
i=1

[
r2
i · �ei · εd,i

di

[(
εd,i

di

)2
− 3

εd,i

di
+ 3

]]
. (10)

Equation (10) shows the propagation from the uncertainty
of the range data to that of the EMOI, and all variables of
Eq. (10) except εd,i are known from Figure 8(b). To approxi-
mate the uncertainty of the EMOI using Eq. (10), n random
cells (n = 1,000 in this experiment) within the region of ra-
dius R were considered. Each cell has a random elevation
and random measurement error εd,i , extracted according to
the distribution of Figure 8(a). A total of 1,000 computations
using Eq. (10) with random elevations and measurement
errors generated 1,000 values of εE , and their histograms
are shown in Figures 9(a)–9(c). The distributions of εE in
Figure 9 can also be approximated by Gaussian distribu-
tions. This means that the uncertainty of the EMOI is also
modeled by a Gaussian distribution, and a sensor model for
the EMOI is thus similar to Eq. (5) as follows:

P (Elocal | Eref) = 1√
2π σE

exp

[
− (Elocal − Eref)2

2σ 2
E

]
, (11)

where Eref is computed from the given reference elevation
map shown in Figure 2 and Elocal is computed from the
local elevation map. The difference between Eref and Elocal
is converted into a weighting using this sensor model with
a proper value of σE in Figure 9.

The experimental results in Figure 9 justify the as-
sumption that the uncertainty of the EMOI could be mod-
eled by a Gaussian distribution. However, the uncertainty
of tilt angle was not considered in this analysis, so this un-
certainty should be included in a more accurate uncertainty
model of EMOI. Figure 10 shows the uncertainties of range
and tilt angle when each cell is observed by a tilted laser
scanner. The uncertainty of range is modeled by a Gaussian
distribution with σd = 17.5 cm, as previously mentioned.
The uncertainty of tilt angle is also assumed as a Gaussian
distribution with σa = 1 deg, which is sufficiently larger
than the real uncertainty of our experimental setup.

Figure 11 shows the common concept of uncertainty
propagation. The uncertainties of the tilt angle and range
measurement are propagated by

CY = FXCXFT
X , (12)

where CX and CY are the covariance matrices represent-
ing the input uncertainties and the propagated uncertain-
ties, respectively, and FX is a Jacobian matrix. They are
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Figure 9. Approximation of σE with different values of R.

Figure 10. Uncertainty of observation due to uncertainties of range and tilt angle.

defined by

CX =
[
σ 2

d 0

0 σ 2
a

]
, (13)

FX = ∇f = [∇Xf (X)T ] T =

⎡
⎢⎢⎣

f1

...

fm

⎤
⎥⎥⎦

[
∂

∂X1
· · · ∂

∂Xn

]

=

⎡
⎢⎢⎢⎢⎢⎣

∂f1

∂X1
· · · ∂f1

∂Xn
... · · ·

...
∂fm

∂X1
· · · ∂fm

∂Xn

⎤
⎥⎥⎥⎥⎥⎦ =

[
∂E

∂d

∂E

∂θcell

]

= [3d2 sin θcell cos2 θcell

d3(cos θcell − 3 sin2 θcell cos θcell)]. (14)

Therefore, the propagated uncertainty is computed by

CY = FXCXFT
X = (3d2 sin θcell cos2 θcell)

2σ 2
d

+ [d3(cos θcell − 3 sin2 θcell cos θcell)]
2σ 2

a . (15)

All values computed from Eq. (15) in the region of radius
R were averaged to find σE,(x,y) for location (x,y), and all
σE,(x,y) for all possible locations were averaged to find the
uncertainty σE , for the environment as shown in Figure 2.
Figure 12 shows the results for R = 5, 10, and 15 m. These
results are slightly different from those in Figure 8. How-

ever, the latter become similar to the former if the num-
ber of samples increases to that of the former experiment.
The results shown in Figure 12 are more accurate because
they were obtained from the more analytical model that in-
cluded both range and angle uncertainties. Using Eq. (11)
and σE in Figure 12, the difference between the EMOI pre-
dicted from the reference map and the EMOI computed us-
ing sensor data was converted into a weighting.

6. MONTE CARLO LOCALIZATION USING EMOI
MATCHING AND RANGE MATCHING

6.1. Global Localization Using EMOI Matching

MCL was used for localization in this research. It is one
of the popular Bayesian filters that can track the distribu-
tion of probability using a set of random samples. At each

Figure 11. Uncertainty propagation.
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Figure 12. Propagated uncertainties of EMOI (σE) with different values of R. (Dotted line: results in Figure 9.)

Figure 13. Building of local elevation map with different scan sets.

time step, the weightings of samples were updated using
a motion model and a sensor model, and then the sam-
ples were resampled. The state (the robot pose in this case)
was represented by the weighted sum of all samples. As
mentioned in Section 3, the absolute roll and pitch angles
were sensed by IMU and the state z was obtained from
the reference map; therefore, three states (x, y, and yaw)
of a robot pose were directly estimated by samples. More
details on MCL can be found in Dellaert et al. (1999), Fox
(1998), Fox et al. (1998), and Thrun et al. (2005).

In this research, the EMOI was used as an observation
and Eq. (11) is a sensor model for the EMOI. To calculate
the EMOI using sensor data, the local elevation map was
generated, as shown in Figure 13, by the mapping method
described in Section 3. As the robot continued to move
around, it increasingly sensed the environment as shown
in Figures 13(b)–13(d). In this experiment, the rotational
speed of the tilting motor was 60 deg/s with a tilting range
from −45 to 45 deg, and the translational speed of a robot
was about 0.3 m/s. The robot, therefore, can move forward
about 4–5 m while obtaining five scan sets. Then, a circular
region with a radius of 5 m around the robot can be suf-
ficiently mapped. Therefore, the EMOI with R = 5 can be
calculated from this local elevation map, and the weight-
ings of samples were updated using a sensor model. The
local elevation map was erased, and a new elevation map
was built again to calculate the EMOI at a different location.

Figure 14 shows the experimental results of MCL-
based localization using the EMOI in the environment of
Figure 2(a). The outdoor environment is 60 × 70 m in size,
and 20,000 samples were used to find a robot pose globally
with respect to the reference map. The EMOI was computed

for R = 5 m after about 5 m of movement. Thus, the weight-
ings of all samples were updated about every 5 m. During
localization, all computations were carried out in real time
on a dual-core 1.7-GHz notebook computer.

Computational cost is proportional to the number of
samples. Therefore, the computational cost could be re-
duced with a decrease in the number of samples. The most
popular method to adapt the number of samples during lo-
calization is KLD sampling (Fox, 2003). However, because
this method is complex, the number of samples was deter-
mined to be proportional to the standard deviation of sam-
ple positions instead of using the KLD sampling method.
Although this is a heuristic and simplified approach, it did
not cause any noticeable problems in our series of experi-
ments. Figure 15 shows the number of samples and stan-
dard deviation of sample positions versus travel distance.
Although a robot pose was estimated by correct samples
in Figures 14(e) and 14(f), they converged and diverged
slightly depending on the nearby environment, and there-
fore the standard deviation increased and decreased ac-
cordingly. In the larger environment of Figure 2(b), more
samples were required for successful global localization,
and MCL with 50,000 samples showed a performance sim-
ilar to that with 20,000 samples in the environment of
Figure 2(a).

The proper value of R is determined in consideration
of the mapping ability of a robot. By our experimental
setup, at least five scan sets, which were collected in 5-m
movements, were required to sufficiently map the environ-
ment, as shown in Figure 13. Therefore, EMOI with R =
5 m was used in this experiment. If the value of R for an
EMOI computation is small, an update by a sensor model is
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Figure 14. Experimental results of MCL using EMOI in outdoor environment.

frequently executed. However, the EMOI of cells may be al-
most uniform in some environments because the region of
interest for the EMOI is small and only a few obstacles may
be within that region. If R for the EMOI calculation is large,
many obstacles are considered in calculating the EMOI, but
an update by the EMOI is executed less frequently. There-
fore, different values of R can be used according to map-
ping ability and environmental characteristics.

6.2. Global Localization Using Range Matching

Range data predicted from a 2-D grid map and those ob-
tained from a range sensor mounted on a robot were com-

Figure 15. Number of samples and standard deviations of
sample positions.

pared using Eq. (5) to compute a weighting of a sample in
indoor localization, and its performance was verified by
various demonstrations. This approach can be easily ap-
plied to the outdoor localization problem, which uses an
elevation map as a reference map. In the outdoor environ-
ment, the roll and pitch angles of a robot and the tilt an-
gle of a laser scanner can be changed, whereas they are as-
sumed to be fixed in the indoor environment. Therefore, a
ray-casting operation to predict range data from the refer-
ence map should be performed in 3-D space using an ele-
vation map. However, a ray-casting operation is very time-
consuming even though it is performed in 2-D space. This
operation in 3-D space cannot be carried out in real time
in most cases because it is slower than in 2-D space. This
problem can be solved in a practical manner by conduct-
ing the ray-casting operation (the predicted range data as a
function of position and orientation of a robot) offline and
storing it in memory. The ray-casting operation can then be
replaced by reading a lookup table, which is much faster
than ray tracing. However, memory requirements are sig-
nificantly increased, and this approach cannot be exploited
in 3-D space because the roll and pitch angles of the robot
and the tilt angle of a laser scanner should be considered as
well as the position and yaw angle of the robot. Much more
memory is required to store the results of a ray-casting op-
eration (the predicted range data as a function of x, y, z,
roll, pitch, and yaw of a robot and the tilt angle of a laser
scanner) in 3-D space. Therefore, ray casting in 3-D space is
a very time-consuming operation but should be performed
online.

Figure 16 shows the simulation results of MCL-based
localization using range matching with an elevation map.
This localization cannot be carried out in real time as a
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Figure 16. Simulation results of MCL using range matching with elevation map in an outdoor environment.

robot moves, and thus the motion and range data ob-
tained in the real experiments of Figure 14 were used in
this offline simulation. The initial number of samples was
20,000, which is identical to that in the experiment shown in
Figure 14. The number decreased and converged toward
the true robot pose as range data were continuously
matched. When a small number of samples (200 in this
experiment) was used to track a robot pose locally after
convergence in Figure 16(d), all computations could be per-
formed in real time.

6.3. Local Tracking Using EMOI and Range
Matching

Figure 17 shows the experimental results of MCL-based lo-
cal tracking using the EMOI and range data in the environ-
ment of Figure 2(b). This environment is about 150 × 150 m
in size, which is a part of a much larger environment. A
total of 1,000 samples were used to track a robot pose

with respect to the reference map. The EMOI was com-
puted for R = 5, 10, and 15 m based on the local elevation
map built using the recent range data sets. The weights
of all samples were updated about every 1 m for MCL
with both EMOI and range matching. The travel distance
was longer than 600 m, and paths estimated by the odom-
etry, range matching, and EMOI matching are shown in
Figure 17. The local tracking error increased significantly
in some parts due to some discrepancies between the en-
vironment and its elevation map. The average tracking er-
rors by range matching and by EMOI matching were 1.9
and 2.2 m, respectively, and their standard deviations were
0.85 and 1.1 m. The maximum tracking error (4.9 m) for
EMOI matching was slightly larger than that (4.8 m) for
range matching, but the difference was small. Because the
tracking error depends heavily on the features of the en-
vironment, the maximum local tracking error is less im-
portant than the average tracking error and its standard
deviation.

Figure 17. Simulation results of local tracking using EMOI and range matching with elevation map in outdoor environment of
Figure 2(b).

Journal of Field Robotics DOI 10.1002/rob



382 • Journal of Field Robotics—2010

Figure 18. Translation error of local tracking with 1,000 sam-
ples in environment of Figure 2(b).

6.4. Characteristics of EMOI Matching
and Range Matching

MCL-based localization using EMOI matching can be car-
ried out in real time even with a large number of samples
because the EMOI values of each cell of a reference map can
be computed in advance. On the other hand, MCL-based
localization using range matching can run in real time only
with a small number of samples, as mentioned in the pre-
ceding section. Assuming that the number of sensing points
is fixed, the computational complexity of MCL is O(nlogn),
where n is the number of samples, so both MCL approaches
using EMOI matching and range matching have identical
computational complexity. However, the former, which can
compute the EMOI of a reference map in advance, is much
faster than the latter, which should perform a ray-casting
operation online in 3-D space. Figure 18 shows the compu-
tational time for one cycle of MCL. Two approaches were
performed under identical conditions. The slopes of the
graphs in Figure 19(a) are maximally 2,500 times larger than
those in Figure 19(b), which means that the computational

time of one cycle of MCL using range matching increased
more than maximally 2,500 times faster than the compu-
tational time of MCL using EMOI matching as the num-
ber of samples increased. In this experiment, the computa-
tional time of one cycle of MCL using EMOI matching with
20,000 samples is maximally 800 times faster than that us-
ing range matching with an identical number of samples.

The EMOI represents the distributions of elevations
within the region of interest as a scalar. This makes the
matching process very fast, but the accuracy might be in-
sufficient to track a robot pose correctly in some environ-
ments. Figure 19 shows an example. In this environment, a
robot climbs several narrow hills, and there are walls and
handrails on both sides of the hills. These close walls and
handrails prevent the robot from sensing a large environ-
ment uniformly, and the matching accuracy by EMOI is
thereby deteriorated. The samples, therefore, can diverge,
and the robot pose might be estimated incorrectly, as shown
in Figure 20(b). However, the robot pose is tracked accu-
rately by range matching, as shown in Figure 20(a), because
this approach compares the range sensor data directly with
the reference map.

Figure 21 shows the number of successful localizations
for two different matching approaches and for different
numbers of resampling steps. It was assumed in this re-
search that global localization was successful when more
than 90% of the samples were closer than 1.5 m to the
true location of a robot after n resampling steps. A sim-
ilar assumption was also used in other research to show
the success rate of global localization. A robot starts from
arbitrary locations (more than 500 locations) in the experi-
mental environments of Figure 2 with globally distributed
samples, and 20,000 and 50,000 initial samples were used
for the environments of Figure 2(a) and 2(b), respectively.
And then the number of samples closer than 1.5 m to the
true location of the robot was counted after n resampling
steps. The statistical result shown in Figure 21 was obtained
from many experiments. A decision regarding localization
success after too many resampling steps is meaningless,
and localization success was determined in the range of

Figure 19. Comparison of computational time of MCL with (a) range matching and (b) EMOI matching.
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Figure 20. Comparison of performance of local tracking by MCL using (a) range matching and (b) EMOI matching.

10–40 steps in this experiment. The success rate of global
localization in the outdoor environment through MCL us-
ing range matching was lower than 40% because of the dis-
crepancy between the elevation map and the environment.
Similar results were reported by Kummerle et al. (2008). In
Figure 21, we show that the success rate of global localiza-
tion using EMOI matching is slightly lower than the success
rate using range matching.

Figure 22 depicts the convergences of samples to the
true position for the case of successful global localizations.
The ratio of the number of samples that are closer than
1.5 m to the true position to the number of all samples is
defined as follows:

Rtrue

= Number of samples closer than 1.5 m to true position
Number of all samples

.

(16)

Figure 21. Success rate of global localization after n resam-
pling steps for EMOI matching and range matching.

In Figure 22, whereas the x axes correspond to the time (up-
per figure) and resampling steps (lower figure), the y axis
shows Rtrue, which was recorded manually. In Figure 22(b),
the changes in the number of samples are plotted for two
matching schemes. Using EMOI matching, it takes more re-
sampling steps for samples to converge close to the true
position. However, the convergence through EMOI match-
ing is much faster than the convergence through range
matching in the time domain (second unit). Note that Rtrue
for EMOI matching cannot reach 1.0, whereas Rtrue for
range matching can. This makes the performance of lo-
cal tracking through EMOI matching worse than through
range matching, as shown in Figures 18 and 20. In this
analysis, only time for the computation of MCL was con-
sidered. This means that the time for building a local
elevation map is ignored because it depends on sensor
types. In this experiment, a laser scanner was tilted by a
dc motor to obtain 3-D sensing data, which takes a few
seconds. However, this can be significantly reduced us-
ing other types of sensors such as 3-D LIDAR. There-
fore, the sensor-dependent factors were ignored in this
analysis.

6.5. Switching of EMOI Matching
and Range Matching

EMOI matching can significantly reduce the time for global
localization, but its accuracy is lower than that of range
matching. Therefore, it is desirable to switch between these
two methods according to the situation. In this study,
MCL uses EMOI matching at the initial state of global
localization because it is much faster than range matching.
After samples sufficiently converge, the matching method
in MCL is switched to range matching because it estimates
a robot pose more accurately than EMOI matching.
Figure 23 shows the experimental results. In this
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Figure 22. Number of samples and their convergence to true position versus resampling step and time for two matching
schemes.

Figure 23. Improvement of sample convergence to true position by switching between two matching schemes.

experiment, the number of samples was used as a criterion
for switching. As a result, both the convergence speed of
global localization and the accuracy of local tracking were
significantly improved, as shown in Figure 23.

6.6. Consideration of Accuracy of Local Tracking

The average local tracking errors in Section 6.3 seem to be
large compared to the results from other studies. However,
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Figure 24. Examples of uncertainty of elevation map built by
aerial mapping system: (a) roof and wall and (b) flat ground.

the cell size (0.25 × 0.25 m) in this study is somewhat large
and there are many discrepancies between the real environ-
ment and its elevation map because the elevation map can-
not accurately represent the 3-D environment. Moreover,
elevation maps built by an aerial mapping system usually
suffer from low elevation accuracy because it measures the
distance to the terrain using a LIDAR sensor from an alti-
tude of up to 2 km. The height difference between the high-
est and the lowest cells for a flat ground may be very large
as shown in Figure 24(b). Therefore, the local tracking er-
rors in this study lie within a reasonable range in consider-
ation of the accuracy of the given reference map.

7. CONCLUSION

This paper described a localization scheme with an eleva-
tion map in an outdoor environment. To find a robot pose,
a local map built by a range sensor was compared with the
entire reference elevation map. Therefore, a new feature for
elevation map matching was proposed, based on the con-
cept of moment of inertia, to significantly reduce the com-
putational time of matching. This proposed feature, EMOI,
and the conventional range-based feature were used for
matching in MCL. The characteristics and performance of
both matching schemes were compared through a series
of experiments in real urban environments. It was verified
that the proposed EMOI approach was also a good feature
for matching, and the following conclusions were drawn:

1. The proposed EMOI applies the concept of moment of
inertia to elevation map matching. The whole distribu-

tion of elevation in a certain region is compressed into
a scalar value, EMOI. Therefore, EMOI matching is so
fast that MCL using EMOI matching can be carried out
online to globally find a robot pose.

2. The uncertainties of tilt angle and range data obtained
from a laser scanner are propagated into the EMOI. The
uncertainty of the EMOI can be modeled as a Gaussian
distribution, and the proper σEMOI can be approximated
to design a sensor model for MCL by analyzing the un-
certainty propagation.

3. The EMOI can serve as a good feature for outdoor lo-
calization. The convergence speed by EMOI matching is
much faster than that by conventional range matching,
whereas both the success rate of global localization and
the accuracy of local tracking based on EMOI matching
are slightly lower than by range matching.

4. The convergence speed of global localization and the ac-
curacy of local tracking can be significantly improved by
appropriately switching between EMOI matching and
range matching according to the number of samples.
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