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Abstract— Tracking the orientation or attitude of an object has
many applications in various research fields. This paper presents
a tracking system which estimates the orientation of an object
using an angular rate sensor, accelerometer, and magnetometer.
For the combined usage of the sensors, the Kalman filter and
the Factored Quaternion Algorithm (FQA) are applied to the
proposed system. We also propose a method to eliminate the drift
effect of the angular rate sensor in static state. The experimental
results show that the proposed tracking system can estimate an
accurate rotation of an object and can eliminate the drift effect
in static state.

I. INTRODUCTION

Real-time tracking an object is one of the important issues
in the field of robotics. Generally, tracking is defined as
the observation of a moving object and the supply of the
timely ordered sequence of the respective location data of a
model. The tracking system is categorized into two types: the
optical tracking system and the inertial and magnetic tracking
system. Optical tracking system determines the position and
the orientation of an object by using multiple cameras and
markers. This system measures position and orientation of
an object from the relative movement of markers. Some
markerless tracking approaches using the optical sensors are
also proposed in recent years. However, the optical sensors
are fixed outside of an object to observe the object. Therefore,
the optical tracking system has the range limitation and cannot
observe the object hidden by obstacles. Another category of
the object tracking system is the inertial and magnetic tracking
system using the Inertial Measurement Unit (IMU) and the
magnetometer. IMU is an electronic device that measures the
angular rate, orientation, and the acceleration of gravity using
the combination of an angular rate sensor and accelerometer.
A magnetometer is an instrument to measure the magnetic
field in nature. IMU and the magnetometer are small in size
and lightweight, and it is possible to build with low cost.
When tracking an object, IMU and the magnetometer have no
range limitations and are free from obstacles. These sensors
can measure the orientation, angular rate, and acceleration of
an object in real-time. The tracking system proposed in this
paper also uses in an angular rate sensor, accelerometer, and a
magnetometer. For the combined use of an angular rate sensor,
accelerometer, and magnetometer, the Kalman filter and the
Factored Quaternion Algorithm (FQA)[3] are applied to the
proposed system. Kalman filter is used to estimate accurate

TABLE I
SENSOR SPECIFICATIONS

Model (Manufacturer) Range axis

Angular rate sensor IDG-300 ±500◦/sec x,y
(InvenSense)

LPY530AL ±300◦/sec x,z
(STMicroelectronics)

Accelerometer MMA7260QT ±6g x,y,z
(Freescale Semiconductor)

Magnetometer AMI302 ±0.2mT x,y,z
(AICHI STEEL)

orientation in real-time[1-5][9-10][12], and the FQA is used
to improve computational efficiency and avoid singularity.
We also propose the additional algorithm to minimize the
estimation error of the Kalman filter in static state. This
additional algorithm helps to eliminate the drift error derived
from the angular rate sensor. Finally, we show the effectiveness
of the proposed system with some experimental results.

II. SENSOR MODULE DESIGN

In this section, a design of sensor module containing an
angular rate sensor, accelerometer, and magnetometer is intro-
duced. The specifications of the sensors used in this paper is
shown in table I. The goal of the proposed tracking system
is to capture human motion, and the sensor specifications are
selected to satisfy the human motion. Based on the previous
research[6-13], the accelerometer has the range within ±5g,
and the angular rate sensor has the range within ±300◦/sec,
for human motion.

The output of the sensors is analog signal and is converted
into digital signal by 12 bit resolution analog to digital
converter (ADC). Micro Control Unit (MCU), Texas Instru-
ments Stellaris LM3S808, is used for arithmetic. Fig. 1 shows
the block diagram of the sensor module. The sensors are
connected with ADC, and the MCU attains the digital sensor
signal from the ADC and calibrates it. Fig. 2 is the sensor
module for the experiment.



Fig. 1. Block diagram of the sensor module

Fig. 2. The sensor module for the experiment

III. FACTORED QUATERNION ALGORITHM(FQA)

The combination of an accelerometer and magnetometer
enables the estimation of the orientation of an object. The
acceleration of gravity and magnetic field can be the reference
frame, since they are unique in static state. However this
is not true in dynamic situation, because the accelerometer
measures not only the acceleration of gravity but also the
linear acceleration of object motion. In order to overcome this
problem, an optimal estimation with the angular rate sensor
is needed, which will be explained later. In this section, a
measurement model with an accelerometer and magnetometer
is introduced to estimate the orientation.

The Factored Quaternion Algorithm (FQA)[3] is one of
the algorithms for estimating the orientation based on the
acceleration of gravity and magnetic field. The FQA can
represent angles in quaternion and can decouple accelerometer
and magnetometer data. This decoupling eliminates influence
of each other. The following explains the FQA.

The reference coordinate system {xref , yref , zref} is de-
fined as follows: ENU (East, North, Up) convention, where
xref points East, yref points North, and zref points up.
The orientation in this algorithm will be calculated by z,(ψ,
azimuth or yaw rotation), y(θ, elevation or pitch rotation), and
x(φ, bank or roll rotation) axes in sequence. In no rotation of
an object, the acceleration of gravity is measured as −g of on
z-axis.

The quaternion has four parameters, and forms as follows:

q =


q0

q1

q2

q3

 (1)

The quaternion is composed of a scalar part,{q0}, and a
vector part,{q1, q2, q3}, where q2

0 +q2
1 +q2

2 +q2
3 = 1. The final

orientation in this paper is represented in quaternion.

A. Elevation Quaternion

If an object is rotated by pitch angle θ about the y-axis, the
acceleration along the x-axis and z-axis are

ax = g sin θ (2)
az = −g cos θ (3)

where g = 9.81 m/s2 is the acceleration of gravity, and
a = [ax ay az]T is the measured acceleration vector in
the sensor coordinate system attached to the sensor. The
normalized acceleration vector is

ā =
a

|a|
=

 āx
āy
āz

 (4)

where |a| is the norm of the acceleration vector a, and

sin θ = āx (5)

cos θ =
√

1− sin2 θ (6)

For the positive value of cos θ, the range of θ is restricted to
−π/2 ≤ θ ≤ π/2. In order to obtain the elevation quaternion,
half-angle values are as follows

sin
θ

2
= sgn(sin θ)

√
(1− cos θ)/2 (7)

cos
θ

2
=

√
(1 + cos θ)/2 (8)

where the sign function is defined as

sgn(x) =

 −1 if x < 0,
0 if x = 0,
1 if x > 0.

(9)

The elevation quaternion is represented as follows

qe = cos
θ

2


1
0
0
0

+ sin
θ

2


0
0
1
0

 (10)



B. Roll Quaternion

If the object is rotated about the roll angle φ after rotating
pitch angle θ, the acceleration of the x-axis is (2) and the
acceleration of the y and z axes become

ay = −g cos θ sinφ (11)
az = −g cos θ cosφ (12)

After applying the normalization, the accelerations become

āy = − cos θ sinφ (13)
āz = − cos θ cosφ (14)

values of sinφ and cosφ are

sinφ = −āy/ cos θ (15)
cosφ = −āz/ cos θ (16)

The range of φ is restricted to −π < φ ≤ π, and if cos θ is
equal to zero, sinφ and cosφ are not determined. Thus, the
preprocessing method for singular avoidance is needed[3]. In
similar manner of (7) and (8), the roll quaternion is represented
as follows

qr = cos
φ

2


1
0
0
0

+ sin
φ

2


0
1
0
0

 (17)

C. Azimuth Quaternion

The azimuth quaternion is calculated lastly. Comparing with
the elevation and roll quaternion which use acceleration data,
the azimuth quaternion is decoupled from the others, and uses
the magnetic field data after operating the elevation and roll
quaternion. Let m = [mx my mz]T be the normalized mag-
netic field vector which is measured in the sensor coordinate
system.
am is the normalized magnetic field vector that has no effect

of elevation and roll quaternion by the following relation.

am = qe qr m q−1
r q−1

e (18)

The relation of am, the vector rotated by the azimuth angle,
and the north direction positive y-axis, [0 1]T of the reference
frame, is as follows:[

0
1

]
=
[

cosψ − sinψ
sinψ cosψ

] [
amx
amy

]
(19)

Note that the value along the z-axis is not considered here,
because amz is coincident with the z-axis of the reference
frame. Note also that amx and amy with am2

x+am2
y = 1, are

normalized for rotation about the z-axis. The value of cosψ
and sinψ are obtained from (19) as follows:[

cosψ
sinψ

]
=
[

amx
amy

−amy
amx

] [
0
1

]
(20)

The range of ψ is restricted to −π < ψ ≤ π, and by
the calculation in similar manner of (7) and (8), the azimuth
quaternion is represented as follows:

qa = cos
ψ

2


1
0
0
0

+ sin
ψ

2


0
0
0
1

 (21)

The final quaternion, q̂, for the orientation with the roll,
elevation, and azimuth quaternions of the object are calculated
as follows:

q̂ = qa qe qr (22)

D. Singularity Avoidance

When cos θ = 0 in (15) and (16), the singularity occurs.
So, it should be preprocessed for avoiding singularity[3].

If cos θ is close to 0, the normalized acceleration vector and
the normalized magnetic field vector are rotated on y-aixs by
offset angle α which is set to avoiding cos θ as 0.

āoff = qα ā q
−1
α (23)

moff = qα m q−1
α (24)

where qα = [cos(α/2) 0 sin(α/2) 0]T . And then, after
obtaining the resultant quaternion, q̂off , with qα, we get final
quaternion, q̂, as follows:

q̂ = q̂off qα (25)

IV. OPTIMAL ESTIMATION WITH STATIC ERROR
REDUCTION

In order to estimate the orientation of an object, two
models are used: one is the FQA with the accelerometer and
magnetometer, and the other with the angular rate sensor.
The orientation from the FQA is not suitable in dynamic
motion, because the accelerometer measures the acceleration
of gravity and motion simultaneously. The orientation with
angular rate sensor estimates the orientation relative to the
initial orientation, and the error is accumulated in the process
of integration.

Thus, for emphasizing each of the orientation from the
FQA and from the integrated angular rate, data fusion for
optimization is needed[15].

A. Kalman Fitler Process Model

The relation between the quaternion derivative, q̇, and the
angular rate, ω = [ω1 ω2 ω3]T , measured by the angular rate
sensor is as follows[14]:

q̇ =
1
2
q ⊗ ω (26)

where ⊗ is the quaternion multiplication. To obtain the
quaternion q, the quaternion derivative, q̇, needs to be inte-
grated, and the resultant quaternion should be normalized to



Fig. 3. Block diagram of the process for the orientation represented in
quaternion

represent rotational relation. Fig. 3 shows the block diagram
of the process for the orientation represented in quaternion,
and is used for the process model in Kalman filter.

B. Kalman Fitler

The orientation with the integrated angular rate in the
previous section, can be redesigned by using the Kalman filter
as follows. The state vector is q = [x1 x2 x3 x4]T , and the
relation of (26) becomes:

ẋ1

ẋ2

ẋ3

ẋ4

 =
1
2


x1

x2

x3

x4

⊗


0
ω1

ω2

ω3

 (27)

The measurement data used in the Kalman filter is equal
to the result of the FQA algorithm estimating the orientation
using the accelerometer and magnetometer.

z =


x1

x2

x3

x4

+


v1

v2

v3

v4

 (28)

where z is the measurement for the Kalman filter and v =
[v1 v2 v3 v4 ]T is the measurement noise assumed to be white,
zero-mean, uncorrelated.

The state equation is

ẋ = f(x) + wn (29)

where wn is the process noise and is equal to zero vector,
wn = [wn1 wn2 wn3 wn4]T = 0. The discrete-time model of
(29) is

xk = Fkxk−1 (30)

where the transition matrix is

Fk =


1 −ω1∆t

2 −ω2∆t
2 −ω3∆t

2
ω1∆t

2 1 ω3∆t
2 −ω2∆t

2
ω2∆t

2 −ω3∆t
2 1 ω1∆t

2
ω3∆t

2
ω2∆t

2 −ω1∆t
2 1

 (31)

and the discrete measurement model is

zk = Hkxk + vk (32)

Fig. 4. Block diagram of the process of the Kalman filter

where Hk is the 4×4 Identity matrix, and vk is the discrete
measurement noise.

The process noise covariance matrix for the Kalman filter
is

Qk = E[wkwTk ] (33)

where E is the expectation operation, and wk is the process
noise which is zero, and thus Qk is the 4×4 zero matrix.

The measurement noise covariance matrix for the Kalman
filter is

Rk = E[vkvTk ] (34)

Rk is the 4×4 diagonal matrix, and the elements are the
variance determined measuring the quaternion of z.

The process of the Kalman filter is shown in Fig. 4. The
initial state is needed at starting the Kalman filter. And the
Kalman filter is processed with prediction and correction. P
is the covariance of the state, and K is the Kalman gain. The
signs changing from ’−’ to ’+’ is the update of the state from
prediction to correction.

In order to see the effect of each method, an experiment
is performed in static state. Fig. 5. shows the results of the
integration of the angular rate, the FQA with accelerometer
and magnetometer, and the estimation from the Kalman filter.
The orientation of integrated angular rate tends to drift due
to the gyro drift. The Kalman filter eliminates the drift error,
but not completely. Thus, for eliminating the drift error, the
modified estimation is introduced.

C. Error Reduction in Static State

The orientation of integrated angular rate is suitable for
measuring the orientation in dynamic state, but not in static
state, due to the drift error. The orientation with the FQA is



Fig. 5. q0 in static state with the orientation by integrating the angular rate,
measured from the FQA, and estimated from the KF

Fig. 6. The orientation of the modified estimation

suitable for measuring in static state, but not in dynamic state,
because of the linear acceleration by motion. Thus, when the
static state occurs, the orientation estimated from the Kalman
filter is rotated toward the orientation with the FQA.

Fig. 6 shows the modification of the orientation, where
qxEst is the orientation estimated from the Kalman filter and
qxMea is the orientation with the FQA. For obtaining the
orientation between the orientation estimated from the Kalman
fitler and the orientation measured from the FQA, quaternion
linear interpolation is used. Quaternion linear interpolation
(Lerp) is the linear interpolation between two quaternions by
a straight line. Due to the interpolation by straight line, the
magnitude of the interpolated quaternion changes. Thus, the
normalization of the interpolated quaternion is needed. The
orientation of the modified estimation by Lerp is

qxModEst = (1−Gintp)qxEst +GintpqxMea (35)

where Gintp has the range of 0 to 1, and the interpolated
position of the quaternion is decided by the value. If Gintp
is equal to 0, qxModEst = qxEst, and if Gintp is equal

Fig. 7. q0 in static state with the orientation by integrating the angular rate,
measured from the FQA, and modified estimation from the KF

Fig. 8. the block diagram of the design for estimating the orientation

to 1, qxModEst = qxMea. For the usage of the orientation
quaternion, qxModEst should be normalized.

The experiment of the modified estimation of the orientation
is performed in static state. Fig. 7 shows the data of the
integration of angular rate, measurement from the FQA, and
modified estimation from the Kalman filter. Notice that unlike
the graph from Fig. 5, the drift effect is eliminated. The block
diagram of the design for estimating the orientation is shown
in Fig. 8.

V. EXPERIMENT

The modified estimation is applied only in the static state.
For distinguishing the state between the static state and dy-
namic state, the acceleration from the accelerometer is used. If
the acceleration from the accelerometer indicates 9.8m/sec2,
the static state is expected. In this implementation, if the range
of 9.8m/sec2 ± α is measured from the accelerometer, the
static state is expected(α = 1m/sec2 in this experiment). The
experiment is conducted so that the sensor is rotated along
the x-axis by 90deg, and then, rotated back to the initial
orientation. Fig. 9 shows the orientation with the Kalman



Fig. 9. x-axis angle data rotating x-axis by 90deg with the orientation by
integrating the angular rate, measured from the FQA, and the orientation
with the Kalman filter (first plot) and the orientation with the Modified
Estimation(second plot)

filter, the orientation with modified estimation, the orientation
of integrated angular rate and the orientation with the FQA.
The orientation with the Kalman filter is effected by the drift
error, but the orientation from the modified estimation tends
to follow the orientation from the FQA in the static state,
eliminating the drift effect.

VI. CONCLUSION

This paper proposes the method to estimate the orientation
of an object by using an angular rate sensor, accelerometer,
and magnetometer. To present the orientation, the FQA and
Kalman filter are applied in this paper, the Kalman filter is
used to estimate the orientation in real-time and the FQA is
used to improve the computational efficiency and to avoid sin-
gularity. To minimize the drift error in static state, additional
algorithm is designed to modify the output of the Kalman
filter. The experimental result shows the performance of the

proposed tracking system. The drift error in the static state is
reduced significantly proving that the system can estimate the
orientation of the object.
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